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Abstract 
 
The present study involved investigating knowledge and use of the addition-
subtraction complement principle (if a + b = c, then c – b = a or c – a = b) by pupils in 
grades kindergarten to 3. Eighty-one children from three public schools serving a mid-
western community participated in the study. Participants were assigned randomly to one of 
the three conditions: (a) structured training on the complement principle, (b) unstructured 
subtraction  practice, and (c) structured training on a different topic (9 + 7 = ? can be 
answered  knowing 10 + 7 = 17). A computational shortcut task was used to gauge 
participants’ understanding of the complement principle and their reliable use of the 
principle. The rationale for the task was that children who know a mathematical relation will 
use this knowledge to eliminate or minimize computational effort. The task entailed first 
presenting a “helper item,” such as 7 + 7 = 14 (or a “non-helper” item, such as 8 + 5 = 13), 
and then leaving it in view when a target problem such as 14 – 7 = ? was presented. 
Quantitative analyses revealed that the structured-subtraction group outperformed the 
comparison groups on knowledge of the complement principle and the efficient, appropriate, 
and adaptive use of the principle as a computational shortcut.  
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Chapter 1 
Introduction 
 
       Mental arithmetic (estimation and exact mental calculation) has numerous everyday 
applications (Reys, 1984; Trafton, 1978) and is used more frequently than written mathematics is 
(Baroody & Coslick, 1998; Hope, 1986; Reys, 1986). A key component of mental-arithmetic 
expertise is knowledge of basic (single-digit) addition items and related subtraction 
combinations, such as 5 + 2 = 7 and 7 – 2 = 5. There is broad agreement that children need to 
achieve fluency with such basic combinations (Jordan, Hanich, & Kaplan, 2003; Kilpatrick, 
Swafford, & Findell, 2001; National Council of Teachers of Mathematics [NCTM], 1989, 2000, 
2006; National Mathematics Advisory panel [NMAP], 2008). Fluency is the ability to determine 
sums and differences efficiently (i.e., specify an answer accurately and quickly), appropriately 
(e.g., applying a rule or strategy selectively to fitting cases), and adaptively (e.g., transferring a 
rule or strategy to novel or unpracticed cases). 
  Achieving fluency with a basic combination or family of combinations typically involves 
three phases: (a) counting, (b) reasoning, and (c) retrieval (Baroody, Bajwa, & Eiland, 2009; 
Kilpatrick et al., 2001; Rathmell, 1978; Steinberg, 1985). Initially, children frequently need to 
compute sums and differences by using a counting strategy. They then often devise or learn more 
efficient reasoning strategies that permit them to use known facts to deduce unknown sums and 
differences. With time, children achieve fluency by using a highly efficient retrieval system that 
entails recall of specific facts or automatic reasoning strategies (NMAP, 2008).  
       The basic number combinations embody a rich network of patterns and relations 
(Folsom, 1975; Trivett, 1980). Understanding such arithmetic regularities can facilitate fluency 
with basic combinations by providing a basis for inventing or understanding various reasoning 
strategies. Reasoning strategies can serve as a shortcut that eliminates or minimizes the need for 
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laborious computation. The addition-subtraction complement principle, specifically, can serve as 
a computational shortcut for subtraction problems. This principle entails understanding that a 
subtraction combination, such as 6 – 4 = 2 is related to 2 + 4 = 6 because both have the same 
whole and parts. Algebraically, if a + b = c, then c – b = a (or c – a = b). Understanding this 
principle can enable children to learn and use the subtraction-as-addition strategy (that is., apply 
their known addition combinations to deduce related but unknown subtraction combinations 
logically). For example, the difference for 6 – 4 = ? can be determined by translating it into the 
addition problem 4 + ? = 6 and recalling that 2 must be added to 4 to get 6. Using mathematical 
patterns or relations as a computational shortcut is an example of intelligent problem solving 
(Wertheimer, 1945). With practice, reasoning strategies can become automatic and a part of the 
efficient retrieval system (Baroody, 1985; Fayol & Thevenot, 2012). 
       The aim of the present study was to evaluate the efficacy of computer-assisted 
complement training with kindergarteners and first, second, and third grade children. With the 
exception of Baroody (1999), previous studies have not examined children’s potential to learn 
the complementary principle. Specifically, existing research has shed light on whether children 
understand the subtraction-as-addition strategy or not, but not on whether they can benefit from 
an intervention on the strategy. Training designed to promote an understanding of subtraction-as-
addition strategy provided in Baroody’s (1999) study was not successful with young children. 
       The present study was a part of larger training experiment, the focus of which was to 
evaluate whether computer-assisted instruction on the subtraction-as-addition strategy can help 
primary-grade children learn and use this strategy fluently (achieve phase 3). A mental-
arithmetic task was used to gauge fluency. However, some children in the experimental 
intervention may have learned the reasoning strategy and could use it appropriately and 
adaptively, if not efficiently. That is, the intervention may have helped them achieve phase 2, if 
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not phase 3. After all, learning and applying a reasoning strategy appropriately is important in 
itself and an important step toward fluency. The aim of the study was to gauge whether, as result 
of their training, participants in the structured-subtraction group exhibited greater knowledge and 
use of subtraction-as-addition strategy than those in the comparison groups, which received 
either subtraction practice but not complement/subtraction-as-addition training or addition 
practice but not subtraction training or practice. 
The present study employed a second (computational shortcut) task to assess whether 
children in an experimental condition (a) achieved the second phase, if not the third phase (i.e., at 
least had learned subtraction-as-addition strategy), and (b) the extent to which they use this 
strategy. The shortcut task entailed first presenting a “helper item” such as 7 + 7 = 14, and then 
leaving it in view as a target problem, such as 14 – 7 = ? was presented. If children understood 
subtraction-as-addition strategy, then there is a good chance they would use the helper item to 
shortcut the computation of the target problem. The task involved two types of target items: 
subtraction items that had the same structure as practiced during the training (“complement” 
items) and those that had a different structure than the practiced items during the training 
(“transfer” items). The shortcut task also included non-helper or “decoy” items (e.g., 4 + 3 = 7 
followed by 4 – 3 = ?) and control or “unrelated” problems (e.g., 4 + 3 = 7 followed by 6  – 5 = 
?), in which the previous item did not provide a computation shortcut. Such pairs of items serve 
to check whether a child applied a reasoning strategy appropriately. In brief, this testing 
procedure allows the tester to examine children’s understanding of the reasoning strategy by 
observing whether children answer faster and/or more accurately when given the chance to use 
the principle as opposed to when they do not.  An understanding and reliable use of subtraction-
as-addition strategy was assessed by the performance on the shortcut task with a more 
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sophisticated scoring system than used previously by research (Baroody, Ginsburg, & Waxman, 
1983; Canobi, 2004, 2005).  
The study addressed the following general questions: 
1. Do more participants in the structured-subtraction group exhibit knowledge or awareness 
of the complement principle than those in the comparison groups do? 
2.  Do participants in the structured-subtraction group use subtraction-as-addition strategy 
significantly more as a computational shortcut than those in the comparison groups do?  
This chapter provided a brief description underlining of importance of the complement 
principle. The next chapter details the findings of the research so far on knowledge and use of the 
complement principle.  
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Chapter 2 
Background of the Study      
 
The addition-subtraction complement principle is a conceptual milestone that can 
facilitate efficiently determining differences by associating an unknown subtraction combination 
with a known addition combination (e.g., Baroody, 1999; Buckingham, 1927; Siegler, 1987; 
Smith, 1921). Teaching of mathematics may be enhanced by developing an understanding of the 
relationship between addition and subtraction, and this development is crucial to a conceptual 
understanding of both operations (Bryant, Christie, & Rendu, 1999; Gilmore & Spelke, 2008; 
Piaget, 1952). The Common Core State Standards (CCSS, 2011), emphasized developing an 
understanding of the relationship between addition and subtraction by thinking of a subtraction 
problem in terms of unknown-addend problem. For example, solving 7 – 4  = ? by finding the 
number that makes 7 when added to 4. Specifically, the CCSS (2011) recommended developing 
this understanding as the goals under operations and algebraic thinking domain in grades K-2. 
For grade K, operations and algebra goal five (K.OA.A.5) is, “Fluently add and subtract within 
5.” For Grade 1, the fourth goal (1.OA.B. 4) is, “Understand subtraction as an unknown-addend 
problem” and sixth goal (1.OA.C.6) is, “Add and subtract within 20, demonstrating fluency for 
addition and subtraction within 10.” For grade 2, second goal (2.OA.B.2) is, “Use mental 
strategies to add and subtract fluently within 20.”  
Learning the addition-subtraction complement principle can enhance four key aspects of 
mathematical proficiency cited by the National Research Council [NRC] (Kilpatrick et al, 2001): 
conceptual understanding of numbers and operations; procedural fluency (efficient, accurate, 
flexible, and appropriate computation); strategic competence (formulate, represent, and solve 
mathematical problems); and adaptive reasoning. Conceptually, children initially view addition 
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and subtraction as independent and unrelated operations (Piaget, 1965). The complement 
principle deepens children’s conceptual understanding of addition and subtraction by connecting 
children’s knowledge of these operations. Representing a subtraction problem as an addition 
problem facilitates in problem-solving competence (for example, knowing that 7 – 2 = ? is same 
as addition problem ? + 2 = 7 provides one more way to solve 7 – 2 = ?). Appropriate, flexible, 
and accurate use of an addition combination in solving a subtraction combination minimizes the 
labor needed to solve a subtraction combination and thus helps in procedural fluency. Over a 
period, this understanding promotes flexibly adjusting or applying knowledge to solve new 
problems and thus achieving adaptive reasoning (logical thinking, explanation, reasoning, and 
justification).  
       How might children construct an understanding of the complement principle and the 
subtraction-as-addition strategy? Researchers have emphasized the importance of connecting 
new information with the existing one to facilitate an understanding of a concept (Baroody 1993, 
1995; James, 1958; Piaget, 1965). In particular, children’s informal (everyday) mathematical 
knowledge provides a basis for understanding and learning formal (school-taught) mathematics 
(Ginsburg, Klein, & Starkey, 1998). For example, a girl who has two dolls invites a friend who 
has three dolls over to play. By combining their dolls, the girl notices there are more dolls (five) 
with which to play. When it is time for her friend to go home, she realizes that taking the other 
girl’s dolls (three) from the larger collection (fives) leaves her with the her original number of 
dolls. Such experiences with adding and then subtracting the same amount to a collection can 
help a child recognize that addition and subtract are related operations and, in time, help provide 
a foundation for assimilating the addition-subtraction complement principle, that is, a + b = c is 
related with c – a = b or c – b = a, taught in school (Baroody, Torbeyns, & Verschaffel, 2009). 
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Understanding the Complement Principle 
       An understanding of part-whole facilitates in the development of the understanding of the 
complement principle, which is explained in the next section.  
Part-Whole Understanding 
       One major conceptual development of early school years is the interpretation of numbers 
in terms of part and whole relationships. This interpretation allows children to think about 
numbers as compositions of other numbers. The part-whole schema entails understanding that 
any quantity (the whole) can be partitioned (into the parts) provided the combined parts neither 
exceed nor fall short of the whole (Resnick, 1983). Part-whole understanding is related with the 
development of many mathematical concepts. A simpler application of part-whole understanding 
enables children to understand the commutative principle of addition (understanding that the 
order in which two parts are added results in the same whole, i.e., a + b = b + a). Understanding 
the complex relationship of the complement principle between addition and subtraction requires 
a thorough understanding of part-whole understanding and is a key transition in the conceptual 
understanding of both addition and subtraction operations (Canobi, 2005). Previous studies (e.g., 
Briars & Larkin, 1984; Resnick, 1983; Riley, Greeno, & Heller, 1983) hypothesized that part-
whole understanding underlies the complement principle understanding. Use of subtraction-as-
addition strategy is facilitated by the ability to understand the part-whole relation in the known as 
well as the unknown addition combination (Baroody et al., 1983).  
       Part-whole understanding specifies the three terms of a complementary addition-
subtraction pair into a steady relationship with one another (Resnick, 1983). For example, in the 
triple 2–3–5, 5 is always the whole; 2 and 3 are always the parts. The combination of 2 and 3 
satisfies the equivalence constraint for the whole: 5. The three numbers 2, 3, and 5 have the same 
relationship of part and whole, whether the problem is given as 2 + 3 = ?, 5 – 3 = ?, 5 – 2 = ?, 2 + 
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? = 5, or ? + 3 = 5. For any addition or subtraction problem, an understanding of the part and 
whole relationship allows the numbers in the problem to be assigned to either part or whole 
status and facilitates in a clear interpretation of whether the unknown is a part or a whole. This in 
turn helps flexible computational strategies. For the problem, 5 – 3 = ?, for example, 5 is the 
whole and 3 is one of the parts. For the problem 5 – 2 = ?, 5 is the whole and 2 is one of the 
parts. In solving the missing part, a child would develop an understanding of the complementary 
relationship between 5 – 3 = 2 and 2 + 3 = 5. This complementary relationship between addition 
and subtraction facilitates in the development of least-effort solution rules. Part-whole provides a 
basis for complement- and tie-based shortcut procedures. Part-whole relations motivate the 
development of a complementary relation between addition and subtraction. For example, 6 – 4 
= ? can be thought of as 4 + ? = 6. It requires an understanding that the whole 6 can be 
decomposed into two parts, one of which is 4. 
        Initially, children connect two consecutive numbers by the one more than relationship 
based on counting. Part-whole relationship provides a step ahead in understanding numbers by 
entailing understanding that a whole can be divided into two parts (for example, 8 can be divided 
into two parts 4 and 4, or 5 and 3, or 6 and 2, or 7 and 1). Part-whole relationship facilitates 
constructing cognitive representation of problem situations that emphasize the quantities and 
relations among them, and thus help in problem-solving situations (De Corte & Verschaffel, 
1981; Kintsch & Greeno, 1985; Riley et al., 1983). Children used part-whole schema to solve 
comparison problems when more-than or less-than schema was not appropriate (Kintsch & 
Greeno, 1985). Part-whole understanding helps in developing problem-solving skills by enabling 
children with a structure to interpret the information in a problem. This structure facilitates in 
enhancing the conceptual understanding of an operation by including many problem situations. 
Part-whole concepts provide a way to connect children’s informal and implicit mathematical 
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understanding to real-life and formal mathematics instruction (Huineker, 1990). A study by Riley 
et al. (1983) revealed the importance of part-whole understanding in developing conceptual 
understanding of problems. The authors noted, “Once children understand part-whole relations, 
they can use this knowledge to understand all change problems” (p. 181). In another study, 
Morales, Shute, and Pellegrino (1985) found that part-whole understanding facilitated fifth and 
sixth graders in developing an understanding of difficult problems.   
Part-whole understanding plays an important role in developing an understanding of the 
subtraction problems by providing mental images of part-whole composition that result in 
advancement in conceptual understanding (Canobi, 2005). Studies with elementary mathematics 
instruction have revealed the importance of part-whole understanding in developing strong 
conceptual base. Fisher (1988) revealed that Kindergarteners used part-whole relationship-based 
strategies to solve addition and subtraction problems. Dean and Malik (1986) also reported that 
children in first and second grades used part-whole knowledge successfully to solve problems. 
Resnick (1983) emphasized the importance of part-whole understanding and revealed,  
Probably the major conceptual achievement of the early school years is the interpretation 
of numbers in terms of part and whole relationship…This enrichment of number 
understanding permits forms of mathematical problem solving and interpretation that are 
not available to young children. (p. 114) 
       Part-whole understanding forms the basis of the complement principle that connects a + b 
= c with c – a = b or c – b = a by developing an understanding that in these equations, a and b 
are always the parts and c is always the whole. An understanding of the additive commutative 
principle and the inverse relation between addition and subtraction facilitates the thorough 
understanding of the complement principle. The additive commutative principle and the inverse 
relation are explained in the next subsections.  
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       Additive commutativity. An understanding of the complement principle is facilitated by 
the ability to incorporate the subtraction relation to understand how the parts are added to form a 
whole (Baroody, 1999; Resnick, 1983). The ability to realize the consequences of subtracting a 
part from the whole depends on the knowledge of how two parts are added to form a whole. This 
understanding develops when children understand the additive commutative relation. Additive 
commutativity facilitates understanding that switching the addend order results in the same 
whole. For example, 2 + 3 or 3 + 2 both result is the same whole: 5. This understanding extends 
further to understanding the complex relationship between parts and wholes and facilitates in a 
deeper understanding that two parts make a whole and taking away one part from the whole 
leaves with another part. 
       The inverse relation.  The complement principle of addition and subtraction connects a 
+ b = c with c – a = b or c – b = a. This understanding develops when children understand that 
subtractions cancel out additions. Knowing that c is the result of adding b to a, the effect of 
addition cancels out by subtracting b from c and will result in restoring the initial quantity a. 
Inverse relation entails understanding that a + b – b = a.   
Nunes, Bryant, Hallett, Bell, and Evans (2009) found that the intervention directed to 
teach the inverse relation resulted in improving participants’ performance on complement 
problems. This suggested that an understanding of inverse relation facilitates the understanding 
of the complement principle. Researchers noted that the complement principle understanding 
required deeper understanding of part-whole than inverse relation understanding did (Baroody & 
Ginsburg, 1986; Canobi, 2005). The authors reported that inverse principle understanding could 
be developed by noting the pattern in three-term-inverse problems and realizing that a short-cut 
works without necessarily understanding the part-whole relationship in the underlying problems.   
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An integration of additive and subtractive relation is required for the complement 
principle understanding. Having an understanding of the inverse relation provides a basis for 
developing an understanding of the complement principle by providing an explanation for the 
intermediate step required in applying the complement principle. In the equation, a + b = c, the 
complement principle application first involves subtracting the same quantity from both sides of 
the equation, that is, a + b – b = c – b. The inverse principle develops the understanding that the 
quantity on the left hand side should be a as the same quantity b is added and then subtracted 
from a, that is, a + b – b = a. This then facilitates in representing the final step of the 
complement principle that a = c – b or c – b = a.  
 
Current Understanding of the Complement Principle  
       There is limited research on the development of the complement principle understanding. 
Research on the complement principle revealed that the complement principle is a late 
achievement since participants in these studies had difficulty recognizing complementary pairs 
of addition and subtraction (Baroody, 1999; Canobi, 2004). Baroody et al. (1983) tested children 
on the complement principle involving doubles (e.g., 6 + 6 = 12 followed by 12 – 6 = ?) and 
found that third graders used the complementary relation more often than first and second 
graders did. Canobi (2004) found that developing an understanding of the complement principle 
is a challenging achievement in early school years.   
In another study, only a small group (11 out of 90) of participants used the complement 
principle to solve problems (Canobi, 2004). Earlier, some researchers had argued that an 
understanding of part-whole (and so of the complement principle) did not develop until a child is 
at least 7 years of age (Briars & Larkin, 1984; Piaget, 1965; Riley et al., 1983). However, 
Sophian and McCorgray’s (1994) study revealed that 5 and 6 year olds (but not 4 year olds) 
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understand part-whole relationship. The participants in Sophian and McCorgray’s (1994) study 
figured out correctly that the whole must be larger than the amount taken away (e.g., if 5 bananas 
were taken away from a set, the starting amount has to be equal or greater than 5).  
       Resnick (1992) related an implicit understanding of the complement principle with 
children’s use of a strategy to solve a subtraction problem that starts approximately at age 7 
years. For subtraction problems, where numbers are relatively close, counting down (e.g., 6 – 4 = 
? is solved as 6; 5 [is 1 less], 4 [is 2 less], 3 [is 3 less], 2 [is 4 less]—so the answer is 2) is more 
difficult to execute than counting up (4, 5 [is 1 more], 6 [is 2 more]—so answer is 2); therefore, 
children choose the latter strategy to solve a subtraction problem. The main idea behind counting 
up is to treat the subtraction problem with an addend-unknown problem (e.g., 6 – 4 = ? is treated 
as 4 + ? = 6). Children’s disposition to connect these two problems as equivalent relates to an 
implicit understanding of the complementary relation between addition and subtraction. Baroody 
(1999) argued that complement principle understanding is facilitated by connecting children’s 
take away view of subtraction with a part-whole view of the operation, one that is related with 
addition, that is, c – a = ? can be thought of as a + ? = c. 
       An understanding of the complement principle is associated with skilled problem solving. 
Baroody et al.’s (1983) study revealed that use of the subtraction-as-addition strategy was 
associated with children’s grades and solution strategies for addition problems. Children in 
higher grades and those who used advanced solution strategies (invented procedure, algorithm, 
or memory) used the subtraction-as-addition strategy more than their counterpart did to minimize 
laborious computation. Baroody et al. (1983) hypothesized that when working memory was not 
occupied with laborious computation, children used the underlying relation between addition and 
subtraction for efficient problem solving. Baroody (1992) found that participants had greater 
success with using subtraction-as-addition strategy for the addition problems they had practiced 
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before. Reporting on the development of the complement principle, Baroody’s (1999) study 
revealed that the complement principle understanding is not an all-or-nothing phenomenon. 
Children may use subtraction-as-addition strategy selectively for solving some of the subtraction 
items. Children develop this principle first with known addition combinations by relating with 
corresponding subtraction problems. For example, children start applying the subtraction-as-
addition strategy on subtraction problems that include addition doubles since these combinations 
are memorized somewhat early. 
Need for an Intervention  
       Patterns and relationships differ in terms of their salience, and a different approach might 
be needed for developing understanding of different reasoning strategies. Unguided discovery 
learning might be appropriate for fluency with highly salient patterns or relations like additive 
commutativity (a + b = b + a) or the number-after rule (n + 1 is the number-after n in the 
counting sequence), but more structured discovery learning is required for less obvious ones, like 
the addition-subtraction complement (Baroody, Berent, & Packman, 1982; Baroody et al., 1983). 
An intervention to facilitate an understanding of the complement principle is needed, as research 
has suggested that the complement principle is not obvious for children and that they must 
discover it (Baroody et al., 1982; Baroody et al., 1983). Or after subtraction is introduced in 
schools for a while, children have difficulty in recognizing the complementary relation (Svenson 
& Hedenborg, 1980, and Woods, Resnick, & Groen, 1975, as cited in Resnick, 1992).   
 Baroody’s (1999) study is the only one that examined the complement principle 
understanding after an intervention aimed to promote an understanding of the complement 
principle. The study examined children in an early phase of development in two studies. Study 1 
involved 25 Kindergartners and 15 first-graders, and study 2 involved 21 first-graders. The 
participants were presented items in pairs such as 8 + 5 = 13 and 13 – 5 = ?, and were asked if 
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the first item could help in answering the second item. Participants were given intervention on 
subtraction items that promotes an understanding of patterns and relationship. The participants in 
the study did not show an understanding of the complement principle after the intervention. The 
study had the limitation of having a large response time, not accounting for possible response 
biases, and not employing various indicators of the complement principle understanding, such as 
looking at the previous problem. Another confounding factor could be the recall of subtraction 
items instead of the complement principle understanding, as most correct items in the study were 
the ones with doubles, which might be due to stating the subtrahend (stating 6 for 12 – 6 = ?) or 
recall. 
 The focus of this chapter was to report on the importance of the complement principle, 
review the research findings on the complement principle and underlie the need for an 
intervention on using subtraction-as-addition strategy.  The next chapter discusses the rationale 
for conducting the present study. 
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Chapter 3 
Rationale of the Present Study 
 
       The present study was aimed to foster an understanding of parts and whole in the 
participants, which in turn helps in an understanding of the subtraction-as-addition strategy. An 
intervention provided a purposeful and structured opportunity to facilitate children in discovering 
regularities and building number-sense. Unlike the unsuccessful training in Baroody’s (1999) 
study, the intervention aimed explicitly to connect children’s part-whole knowledge to symbolic 
addition and subtraction equations, thus facilitating the discovery of the complement principle. 
The intervention introduced part-whole concepts and helped children to construct the conceptual 
basis of the complementary relation, and then children played games that involved using the 
subtraction-as-addition strategy to solve problems.  
       Gauging a true understanding and use of the complementary principle is a challenging 
task. Existing research (Baroody, 1999; Canobi, 2004, 2005) has not established a clear criterion 
to investigate an understanding and use of the complementary principle. There is a possibility 
that children might use counting instead of using an underlying mathematical relation to answer, 
for example, 7 – 3 = ? after knowing the fact that 3 + 4 = 7. Another difficulty in gauging a true 
understanding of the complementary principle is stating the use of the complementary principle 
when seeing similar numbers without taking the part and whole relationship into account. The 
present study entailed assessing an understanding and the reliable use of the subtraction-as-
addition strategy by using a shortcut task. This task entailed first presenting a “helper item”, such 
as 7 + 7 = ? (after child provided a response, a feedback was provided with correct answer in an 
equation) and then leaving it in view as a target problem, such as 14 – 7 = ?, was presented. If 
children understood the complement principle (or the part-whole relation), then there was a good 
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chance they would use it to shortcut the computation of the target problem. The shortcut task 
also included “non-helper” items and “control problems” in which the previous item did not 
provide a computation shortcut. Such pairs of items served to check whether a child applied a 
reasoning strategy appropriately. In brief, this testing procedure allowed the tester to examine 
children’s understanding of the reasoning strategy by observing whether children answer faster, 
and/or more accurately when given the chance to use the principle as opposed to when they did 
not.  
       Previous research that used a shortcut task (e.g., presenting a helper item 3 + 4 = 7 before 
7 – 4 = ?) did not include various aspects of understanding of a reasoning strategy in scoring 
(Baroody et al., 1983; Canobi, 2004, 2005). This present study used a refined and explicit 
criterion for scoring that acknowledges various indicators of understanding and reliable use of 
the subtraction-as-addition strategy and was both reliable and yet practical. In this study, the 
performance on the shortcut task was compared with the performance on the task given before 
the shortcut task, where no helper item was provided with the subtraction items. Various 
indicators of understanding like eliminating counting; reducing response time; improving 
accuracy; defining the reasoning strategy implicitly and explicitly; and looking at the previous 
problem were included for the first time. The scoring used in this report is explained in detail 
later in Chapter 4.  
        Canobi’s (2004) study on complement principle understanding had a limitation of 
investigating children’s knowledge in the context of familiar single-digit problems. This is 
problematic since complete understanding results in applying a mathematical principle in 
familiar as well as unfamiliar contexts. In the present study, only those items that were not 
practiced during the intervention were included to examine a thorough understanding of the 
complement principle. To examine complete understanding and flexible application of the 
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complement principle, some decoy problems were included in the shortcut task (for example, 6 + 
3 = 9 followed by 6 – 3 = ?). Canobi (2005) conducted two studies to examine complement 
principle understanding. The first study had 72 7- to 9-year-old participants and second study 
had 60 5- to 7- year-old participants. The study involved participants to judge and explain the 
complementary relation, a + b = c, c – b = ? Caboni (2005) used two-digit problems to examine 
the complement principle understanding and author reported that a limited number of 
participants used the complement principle, which might be due to higher difficulty level of 
problems in the study. The present study used both single digit and two digit problems to 
investigate the complement principle understanding in problems with varying difficulty. 
       In the present study, participants were randomly assignment to one of the following three 
interventions: highly guided discovery of subtraction-as-addition strategy (structured 
subtraction), unguided discovery of the subtraction-as-addition and use-ten strategies 
(unstructured practice), and highly guided discovery of the use-ten strategy (active-control). (The 
use-ten strategy entails, for example, If 10 + 7 = 17 and 9 is one fewer than 10, then 9 + 7 = 16). 
If the complement principle intervention were effective, more participants in the structured-
subtraction group would impart knowledge of the complement principle than the participants in 
the comparison groups would (use ten and subtraction-practice groups). The knowledge and 
understanding of the complement principle provides the basis for the participants to use 
subtraction-as-addition strategy as a shortcut to minimize computation. Therefore, an effective 
intervention would reveal further that more participants in the structured-subtraction group use 
the subtraction-as-addition strategy as a shortcut than the participants in the comparison groups 
do.   
In the study, the use of subtraction-as-addition strategy was examined by looking at 
various indicators of using the strategy to minimize computation. For example, use of 
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subtraction-as-addition strategy might help the participants to have correct responses for 
problems where the subtraction-as-addition strategy could be used as a shortcut to arrive at a 
response. This would result in a better performance (more correct responses) by the structured-
subtraction group on complement principle and transfer problems. The three groups’ numbers of 
correct responses on decoy and unrelated problems, where the subtraction-as-addition strategy 
was not applicable, would be the same.   
Response time was another indicator to investigate the use of the subtraction-as-addition 
strategy. A faster response in complement and transfer problems could be the result of using 
addition problem as a computational shortcut to answer a related subtraction problem, that is, 
using subtraction-as-addition strategy. An effective intervention would result in faster response 
time by the structured-subtraction group for complement and transfer problems. The response 
time should not differ for decoy and unrelated problems where the subtraction-as-addition 
strategy was not applicable. A more reliable use of subtraction-as-addition strategy could be 
revealed by investigating its use on problems where subtraction-as-addition strategy was not 
applicable, that is, investigating its use on problems where an addition problem did not help in 
answering a subtraction problem. Performances of the three groups on unrelated and decoy 
problems were used to investigate if participants used the subtraction-as-addition strategy 
selectively.  
Questions 
       The study addressed the following general questions: 
1. Do significantly more participants in the structured-subtraction group exhibit knowledge 
or awareness of the complement principle as a shortcut for subtraction than those in the 
comparison groups do? 
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2. Do participants in the structured-subtraction group use the subtraction-as-addition 
strategy significantly more often as a shortcut for subtraction than those in the 
comparison condition do? Specific sub-questions are: 
a. Does the structured-subtraction group exhibit significantly greater accuracy on 
complement or transfer items, but not on decoy and unrelated problems, than the 
comparison groups do? 
b. Does the structured-subtraction group respond significantly faster on the complement 
and transfer items, but not on decoy and unrelated items, than the comparison groups 
do? 
c. Does the structured-subtraction group selectively use an addition equation as a 
shortcut for complement and transfer trial (but not decoy and unrelated items) 
significantly more often than the participants in the comparison groups do? 
3. Does intervention result in differential impact across the grades (K, 1, 2, and 3) for 
knowledge and use of subtraction-as-addition strategy? Do the goals listed by CCSS 
(2011) make developmental sense?  
4. Do significantly more participants benefit from the intervention and learn the subtraction-
as-addition strategy, but exhibit it slowly? Does the shortcut task provide a more 
complete picture of results of the intervention than the mental-arithmetic task? 
The rationale for the present study and research hypotheses were reported in this chapter. 
The next chapter details the methods used in present study to investigate the knowledge and use 
of the complement principle.  
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Chapter 4 
Methods 
 
 This chapter elaborates the methods used to investigate knowledge and use of the 
complement principle by the participants. 
 
Participants 
Participants in the study were 7 kindergarteners, 8 first graders, 30 second graders, and 
36 third graders (N = 81) from three public schools in the school districts of Urbana and 
Champaign Illinois. There were 26 boys and 55 girls in the study. Table 1 describes 
characteristics of the participants by training condition. 
Table 1 
Participant Characteristics by Condition 
Characteristic 
Training Condition 
Structured 
Subtraction 
Structured 
Use-a-Ten 
Unstructured 
Practice 
Age range 
Mean (SD) 
Median age 
5.7 to 9.9 
7.8 (1.1) 
7.7 
6.0 to 9.0 
7.9 (0.8) 
8.1 
5.8 to 10.1 
8.0 (1.0) 
7.7 
Grade 
K 
1 
2 
3 
 
3 
4 
10 
12 
 
2 
2 
10 
11 
 
2 
2 
10 
13 
TEMA-3 range 
Mean (SD) 
Median TEMA-3 
75 to 117 
90.1 (13.4) 
82 
72 to 119 
90.6 (12.3) 
88 
70 to 115 
88.7 (12.1) 
87 
Free/Reduced lunch eligible 19 21 19 
Black/Hispanic/Multiracial 20 18 18 
Family History  
Single-parent 
ESL 
 
13 
4 
 
11 
6 
 
12 
5 
 
Research Design 
       All participants in the study simultaneously received the 7.5-week long preparatory 
(Stage one and two) training described below. During this time, children were pretested on 
the TEMA-3 for gauging mathematical ability. Participants were selected for the study based 
on their performances in two tasks that were provided prior to the study. Participants were 
first individually administered a computer-based mental–addition screening test involving the 
easiest sums: adding with 0 or 1 and the doubles. Those participants who were fluent on 
more than half of the easiest items were then tested on subtraction and more difficult addition 
combinations (involving 8 or 9). Participants who were fluent on less than half of subtraction 
and difficult addition items were selected for the study. Participants were randomly assigned 
by class to structured learning/practice of subtraction-as-addition reasoning strategy, 
structured learning/practice of use-a-ten reasoning strategy, or unstructured practice of 
subtraction and n+8/8+n and n+9/9+n combinations. Participants in the structured 
subtraction intervention received training on the complement principle using part-whole 
concepts that connect addition combinations with subtraction combination. The second 
group, unstructured subtraction intervention, was the one comparison group where 
participants received practice on subtraction combinations and n+8/8+n and n+9/9+n , but 
instruction did not emphasize using patterns and relationships that promote meaningful 
understanding of a concept. The unstructured subtraction intervention group was introduced 
to investigate the effect of practicing addition and subtraction on an understanding of the 
complement principle without emphasizing the understanding of patterns and relationships. 
The third group, structured use ten training group, was a second comparison group. This 
group received instruction on the use ten strategy that aimed to promote fluency with single 
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digit addition combinations involving 8 and 9 by using known n + 10 or 10 + n combinations 
(sum of 10 + n or n + 10 is n-teen and 9 is one less, so sum of 9 + n or n + 9 is one less than 
n-teen). The use ten group was included to investigate the understanding of the complement 
principle by participants who did not receive any kind of intervention or practice with 
subtraction items. The participants were provided computer-assisted experimental 
interventions simultaneously, and each intervention lasted 12 weeks. Both preparatory 
training and experimental interventions involved one-to-one, 30-minute sessions twice per 
week. All project training was conducted at project computer stations in a hallway outside a 
participant’s classroom or in a room dedicated to the project. The intervention was given in 
non-literacy time blocks, including mathematics instruction and play time. Positive assent 
was obtained for each testing and training sessions. 
 
Training  
        Participants either received training on the subtraction-as-addition strategy or did not.  
One comparison condition entailed unstructured practice with subtraction combinations and 
combinations involving the addition of 8 or 9. Another comparison condition involved 
structured training on the use ten strategy. Participants received training in five stages.  
Stages one and two were common to all participants. For stages three to five, the participants 
received intervention in one of the conditions: the complement principle, subtraction-
practice, or the use ten strategy. Appendix A shows the screen shots of the training 
participants received in stages 1 to 5. The training for all stages is described below.  
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Stage One   
       The training for stage one was aimed to develop the prerequisites needed for 
understanding reasoning strategies. The goals of stage one were verbal number recognition of 
small collections (presented with examples of composing and decomposing of numbers); 
verbal and object counting (a prerequisite for counting based addition strategies); 
addition/subtraction concepts; and number-after knowledge (e.g., knowing that 7 is the 
number-after 6 in the counting sequence). The training in this stage was designed to connect 
participants’ informal solutions with concrete or meaningful situations (word problems, ten 
frames, number lines). In stage one of the training, the participants were introduced to ten-
frames and number lines, and trained in using the mouse on the computer. Participants were 
introduced to some story problems involving addition and subtraction problems. Some games 
in stage one were: 
       Bean bag game.  In this game, participants were shown dots on the bean bag and 
dots outside the bean bag. The participants were then asked to identify the number of dots on 
a bean bag and enter that number in the ten-frame.   
       Part-whole concepts.  In this game, the participants were introduced to part-whole 
concepts using a story problem. The participants were introduced to a scenario where a 
monkey, a lion, an elephant, and a bear wanted to build a wall of length n units, but the 
monkey cut the n units long logs into small pieces. The participants were then asked to build 
the wall of length n units by finding the correct parts so that they have the whole of n units.  
For example, 5 logs were 5 units long, and the monkey cut them into small pieces. The 
cutting resulted in logs of lengths 1 unit, 2 units, 3 units, 4 units, and 5 units. Participants 
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were asked if one of the pieces is 3 units long, then the other piece has to be how long so that 
the log is 5 units long. The participants received feedback on their performances.  
Stage Two 
       The aim of this stage was to develop estimation strategies that serve as the transition 
between exact concrete computation (stage one) and exact mental arithmetic (stages three to 
five). The purpose of the training for this stage was to improve the estimation skills of the 
participants by playing games. In one of the games, the participants were introduced to a 
story problem where a monkey, a lion, an elephant, and a bear are estimating the number of 
fishes they saw. In the task, the participants were asked not to find the exact answer, but to 
estimate it. For example, the participants were shown 16 fishes and were asked to find which 
of the four animals was guessing accurately if their guesses were (a) 5, (b) 8, (c) 16, or (d) 3.  
The participants received feedback on their responses.  
       In another game, participants were given a scenario where a bear wants to have a 
lunch with n numbers of fishes. Participants were then briefly (6 seconds) shown a number of 
fishes swimming and were asked if the number of fishes they saw swimming would be 
enough for bear’s lunch. For example, the participants were introduced to a scenario where a 
bear wants six fishes for his lunch. The participants were then shown a collection of five 
fishes and were asked if the number of fishes they saw would be enough for bear’s lunch.  
The participants received feedback on their performance. Any response within range of two 
numbers was considered correct (a correct response for six fishes was any number from four 
to eight). 
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Stages Three to Five 
       For each participant, the training for stages three to five was based on the group they 
belonged. For example, a participant in the structured-subtraction group received structured 
instruction on subtraction concepts using subtraction-as-addition strategy, but did not receive 
training on the use ten strategy. The aim of the training for stages three to five was to prepare 
participants to use a reasoning strategy for mental calculation.  
In stage three, the participants were trained to use a reasoning strategy using concrete 
models (for example, ten frames). In stage four, the participants took one more step from 
concrete solution towards mental solutions by using symbolic representation. A child was 
encouraged to make an initial response mentally and quickly (“make a smart guess as quickly 
as you can”). Concrete solutions (bubble lines and ten frames) were used only as a backup 
for determining the exact answer (correcting an incorrect response) on second attempts or 
redos. In stage five, the aim was to take participants away completely from using concrete 
strategies to using mental strategies. The child was encouraged to make a good guess (“smart 
guess”) as accurately and quickly as possible. If an initial response was incorrect, the child 
was given a second chance to revise his/her answer mentally (a second-chance guess). 
      In stages three to five, the participants were introduced to strategies for addition or 
subtraction combinations in the context of a story problem. As the participants progressed 
from stage three to stage five, the participants were instructed not to count so that they use 
the strategies to minimize the labor needed to solve problems. The responses in stage three 
were not timed. In stage four, responses were timed, and the participants were instructed to 
give smart guesses first and then calculate their answer afterwards to check its accuracy (if 
needed). In stage five, the participants were encouraged more strongly not to count and to 
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give their responses accurately and efficiently. In stages three to five, the different training 
for three groups (structured subtraction, use ten, and unstructured subtraction-practice) is 
described below.  
The structured subtraction training. The participants in the structured-subtraction 
intervention group played games intended to promote the meaningful understanding and use 
of a general subtraction-as-addition reasoning strategy and facilitate transfer to unpracticed 
subtraction, as well as the retention of practiced items. Participants received different training 
than the participants from comparison groups in Stages 3 to 5. Stages 3 and 4 had the 
following five characteristics: (a) The connections between addition and subtraction were 
made via both implicit and more explicit discovery learning.. (b) One activity involved 
empirical inversion. For example, if 7 is the outcome of adding 5 to 2, then what is the 
outcome of taking away 5 from 7 (i.e., if  2 + 5 = 7, then 7 – 5 = ?).  Experience with 
empirical inversion can help make evident that subtraction and addition are related, not 
independent, operations and provide a basis for the complement principle (Baroody et al., 
2009). (c) Corresponding parts and wholes in related addition and subtraction equations were 
the same color as well as labeled “part” or “whole” (e.g. in both equations 2 + 5 = 7 and 7 – 5 
= 2, numbers were labeled as parts (2 and 5) and whole (7), and same color-coding is used 
for the numbers 2, 5, and 7). This color-coding and part-whole labeling underscored that both 
equations are related because they have same parts and same whole). (d) The common part in 
related addition and subtraction equations appeared in the same position to further 
underscore that such equations share a common part. That is, a + b = c, not b + a = c, was 
related to c – b = a (i.e., b was always the second number in both addition and subtraction 
problem  (e.g., 3 + 5 = 8, not 5 + 3 = 8) was used to answer 8 – 5 = ?). (e) Related items were 
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juxtaposed in time (an addition combination followed by a complementary subtraction 
combination) so that participants can see how both equations are related. Feedback often 
provided using juxtaposing related equations in position (one above the other) and place 
(e.g., 10 – 6 = 4) to emphasize the related equations. The games for structured-subtraction 
intervention are described below. 
Castle wall game.  The subtraction training involves introducing participants to a 
castle wall game. The castle wall game included problems that involve parts and a whole, 
and a wall is built using the parts where the whole represents the total length of the wall. The 
game aimed at developing participants’ understanding of part-whole relations. For example, 
participants were shown a block one unit long and other block three units long. Participants 
were told that the castle-wall builders built a wall one unit long and then added a new part 
that was three units long. One unit and three units made the wall four units long in all.  
Participants were then shown one block added to three blocks, resulting in a total of four 
blocks.  
       Participants were then asked for 1 + 3 = 4, click on the number that shows one part of 
the wall.  Participants were given feedback on their response for finding a part.  If an 
incorrect response was given, participants were advised to try again. After participants had 
identified two parts of the problem (1 and 3, for example, in the problem 1 + 3 = 4), they 
were asked to click on the number that showed the whole wall.  
       Participants were given a subtraction problem after being introduced to parts and 
whole of an addition problem. For example, for 1 + 3 =  4, participants were told that 
unfortunately the builders did not built the addition to the wall strongly enough and so they 
had to tear down the last three units of the wall. Participants were then instructed to first 
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click on the number that shows the whole wall, then click on the number that shows the part 
that was taken away, and finally click on the number that shows the part of the wall that was 
left. 
       Training for the complement principle understanding consisted of showing 
participants two numbers in ten frames. For example, participants were shown 2 and 5 in ten 
frames and asked how much was 2 and 5 more. Participants were also instructed to determine 
the sum using any method they wanted to, including using their head, fingers, or counting the 
dots in the ten-frame. After a participant had solved 2 + 5, s/he was given a problem 7 – 5  =?  
To compute, the participant was shown seven dots in a ten frame and were provided with x 
marks. Participants were instructed to solve this using their head or by clicking on the 
number of s to cross out five of the seven dots. Participants were shown the parts (2 and 5) 
and the whole (7) in the context of a circle. The whole circle has 7 parts, and parts 2 and 5 
were depicted in different colors. Participants were given the problem 7 – 5 = ? and were 
instructed that 7 was the whole and 5 was another part, and the problem was depicted 
graphically, where a circle has total of 7 parts and 5 of the parts were taken away.  
       Math detective. The game was designed to facilitate building an implicit 
understanding of the complement principle. Participants were given certain clues and later 
asked which of the given clues would help in solving new problem. For example, the clues 
were: 2 + 5 (=7); 4 + 5 (=9); 4 + 6 (=10); 4 + 7(=11); 5 + 6 (=11); 5 + 7 (=12); no good clue.  
The problem was 7 – 5 = ? and participants were asked which of the given addition clues 
could help in solving this problem, and they were given feedback on their responses.  
        Does it help?  The training included problems where participants were given an 
addition problem and had to decide if the given addition problem would help in answering 
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the subtraction problem. For example, 3 (part) is added to 7 (another part), resulting in 10 
(the whole). Does 3 and 7 is 10 help you in answering what 10 take away 7 is? Participants 
were given options (a) No, because they do NOT have the same whole and same part, or (b) 
Yes, because they have the same whole and the same part. Participants were also shown 
some non-examples, for example, 6 + 5 = 11 followed by 9 – 5 = ? 
       Train game. The participants were introduced to part-whole concepts in a game 
where a train has a compartment with some part-wholes, and participants had to identify if 
the next compartment has the same part-whole and belongs to the train. For example, after 
having 10 (or 4 + 7) on a compartment, the next compartment has 7 + 3 (or 11 – 7). The 
participants had to identify if the next compartment could connect with the previous one 
using part-whole. Some non-examples were also introduced.  For example, after first 
compartment with 7 – 5, the next compartment was 7 + 5. The participants received feedback 
on their responses by checking if next compartment connects to first compartment to form a 
longer train. For incorrect responses, the train bounced off the tracks because of wrong 
compartment selection.  
       Lost puppies. This game introduced the part-whole concept in a lost puppy game, 
where players had to identify if the lost puppy belonged to a particular family and could be 
returned to that family. For example, a family lost the part 2 and part 5 puppy and now 
participants had to decide if 2 + 5 (or non-example 7 – 4) puppy belongs to the part 2 and 
part 5 family and could return there. The participants were given feedback after their 
response.  
       The use ten training. The use ten training involved games that facilitated in solving 
addition combination involving 8 and 9 using 10 + n (or n + 10) knowledge.  
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        Monkey game. Participants played a game where a monkey and his brother were 
swinging on branches. Participants were asked to click on the number where another monkey 
would swing if he swings 1 (or 2) branches fewer than his brother who swung at 10 branches.  
Participants were introduced to number comparison by asking them to find if one monkey 
was at 10 and the other monkey was at 8, the next monkey swung how many fewer branches 
with options: (a) none; (b) 1 fewer; (c) 2 fewer; (d) 3 fewer; (4) 8 fewer; and (5) 18 fewer.  
        After initial number comparison training, participants were introduced to problems 
like: if one monkey swung 5 branches, then 10 more. Click on the counting line where he will 
land. After providing the feedback that monkey would land at 15, a new problem was given: 
if monkey swung 5 branches, then 8 more where he would land. Participants were given a 
feedback in case of an incorrect response: Remember 5+8 is 2 smaller than 5+10. A correct 
response generated a feedback: swinging 5 branches then 8 more is 13 branches altogether.  
       Math detective. The training for this game was similar to the one for the structured-
subtraction training. In this game, participants were given clues that would help them in 
answering a problem using use ten strategy. For example, the choices were: 2 + 5 (=7); 4 + 5 
(=9); 4 + 6 (=10); 4 + 10 (=14); 5 + 6 (=11); 5 + 7 (=12); no good clue. The problem was 4 + 
9 = ? and participants were asked which of the given addition choices would help in solving 
this problem and were provided feedback on their responses.  
       Does it help? The training for this task was similar to the one for the structured-
subtraction training except the problems involved using use ten strategy with both examples 
and non-examples. For example, participants were asked if 10 + 6 = 16 (or 4 + 10) would 
help in answering 9 + 6 = ? (or 7 + 8 = ?). 
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        Train game. The game was similar to the train game in the structured-subtraction 
training. The participants were shown a compartment with an addition problem and had to 
decide if the addition problem on the next compartment could be solved using information on 
the first compartment.  For example, the first compartment had 10 + 9 and the next 
compartment had 9 + 9, and now participants had to decide if 9 + 9 could be solved using 10 
+ 9. Some non-examples were also included in the game, like 10 + 8 was followed by 9 + 5.  
       Lost puppies. The game was similar to the lost puppies game for the complement 
principle group. The participants were shown a family that lost puppies and the participants 
had to decide if the puppies they found belonged to the lost family. For example, family 15 
lost puppies. Now, the participants had to decide if 9 + 6 (or 10 + 7) belonged to family 15 
and could go back to that family.  
        The unstructured subtraction group training. Participants in the unstructured 
subtraction group practiced addition combination involving 8 and 9, and subtraction 
combinations as those in the structured-subtraction group by playing the same games. 
However, they were not encouraged to look for relations and were not presented problems in 
the order that might facilitate an understanding of a concept. For example, in the castle wall 
game, the participants were presented with 7 – 5 = ? after 9 + 5 = ? 
 
Testing 
      Participants were tested on practiced and unpracticed items in mental arithmetic pre- 
and posttests. The pre- and posttest were identical. The primary aim of the mental arithmetic 
testing was to gauge combination fluency (accurate answers given in less than 3 seconds 
without evidence of counting or a response bias that results in a false positive).  
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       To investigate understanding and reliable use of the subtraction-as-addition strategy, 
the participants were tested after the posttest on the shortcut task test. In the shortcut task, 
participants were first tested on all problems without any helper item, where the items were 
presented in semi-random order and a computational shortcut was not possible. These 
responses (without helper items) were compared with the responses on the shortcut task 
where the helper item was presented. Mental arithmetic and shortcut task testing are 
described in the next section. 
Mental Arithmetic (MA) Task 
       In the MA task, the child was encouraged not to count and to give a smart guess as 
fast as they can. This was done to investigate if the child had mastered the number 
combination and to motivate them to give at least an estimate of the solution. If the child did 
not respond in 5 seconds, the tester prompted, “Just give me a smart guess.” The response for 
each problem was recorded on both the computer and the paper. The testing procedure for the 
shortcut task is described in the following subsection.  
Computational Shortcut Task  
       The shortcut task included items that could be solved efficiently and accurately by 
using previous problems and items that did not use the previous problem. These items served 
as the comparison to find out an inefficient or inflexible application of the complement 
principle and truthful understanding of the subtraction-as-addition strategy. Appendix B 
shows screen shots of the shortcut task.   
       To make the participants more familiar with the testing environment, they were 
introduced to a practice session. In the practice session, when the participants had answered a 
problem that problem moved over and a new problem appeared on the screen. The tester 
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pointed out that the previous problem moved over to make room for the new problem and did 
not mention that this previous problem sometimes helps in answering the new problem. This 
allowed the participants to use their own reasoning skills to figure out whether to use the 
previous problem to answer the new problem or not. Practice problems included 
commutative problems (a + b = c, followed by b + a = ?). Before starting the shortcut testing, 
the participants were instructed to answer smartly and efficiently. While testing, the 
participants were not prompted to answer fast or prevented from counting, as the primary aim 
was to see if they were using computational shortcuts, that is, the subtraction-as-addition 
strategy. 
      In testing, some problems were highlighted on the paper that the child could not see, 
and the tester was advised to ask the participants, “How did you get your answer?” The 
highlighted problem for probing included shortcut strategy use, as well as some other 
problems so that the participants did not assume automatically to state shortcut principle use 
when probed. In some the situations, when the tester was not sure about the strategy used to 
answer the problem, s/he was trained to ask the participants to articulate the numerical 
answer to the question. Participants’ responses were videotaped to ensure proper evaluation 
of performances.  
       Types of trials. For shortcut testing, the participants were tested on four variations of 
addition and subtraction problems where an addition problem appeared first followed by a 
target subtraction problem. All four variations of problems had four problems each (16 total).  
The trial where subtraction-as-addition strategy was applicable included unpracticed 
problems only, which no participants had seen during the intervention. To maximize the 
chances of participants using the subtraction-as-addition strategy, the participants were tested 
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on harder problems involving single-digit and two-digit numbers (problems selection was 
based on previous research on subtraction items). Difficult problems were included to 
increase the chance that the participants use given mathematical information and underlying 
mathematical structure to minimize laborious computation. The four trials the participants 
were tested on in the shortcut task are discussed below followed by the problems in each 
trial.  
       Problems with correct use of the complement principle. The task had problems 
where the subtraction-as-addition strategy helps in answering and minimizing laborious 
computation to solve a problem. Addition problems appeared before the target subtraction 
problems that helped in solving a related subtraction problem by using the subtraction-as-
addition strategy. The task included target subtraction problems in which a given part in the 
subtraction problem was the second addend in the given addition problem. In the task, the 
structure of problems was identical to the structure of problems that participants had 
practiced during intervention. For example, 3 + 5 = 8 was given before 8 – 5 = ? (second 
addend of the addition problem was 3, which was the given part of the target subtraction 
problem).  
       Decoy problems. The problems had addition and subtraction problems involving the 
same numbers, but different parts and whole. For decoy problems, the task included 
problems like 8 + 5 = 13 followed by 8 – 5 = ? These problems allowed investigating a 
flexible application of the complement principle. The task helped in examining if the child 
assumed automatically to use the subtraction-as-addition strategy after seeing the same 
numbers and a different operation (addition or subtraction) without understanding the 
underlying part-whole relationship.  
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       Unrelated problems.  The task included problems where part, whole, or both part-
whole of the subtraction problem was not the same as the given addition problem.  
Participants were presented with problems that had (a) same whole and different parts (6 + 2 
= 8 was given first, followed by 8 – 5 =?); (b) different whole and different parts (6 + 4 = 10 
was given before 8 – 5 = ?); and (c) different whole and same part (5 + 4 = 9 was given 
before 8 – 5 = ?).  
       Near transfer problems. The task included problems where the subtraction-as-
addition strategy of addition and subtraction helps in minimizing the computation. To 
investigate transfer of knowledge, the structure of the problems was different from the ones 
that participants had practiced in the intervention. The task included target subtraction 
problems, where the given part in the subtraction problem was the first addend of the given 
addition problem. For example, 5 + 3 = 8 was given before 8 – 5 = ?  
       Table 2 presents the trials that the participants were tested on in the shortcut task. 
Table 2 
The Trials of the Shortcut Task 
Type of Trial Trials 
Complement principle problems 3 + 8 = 11, 11 – 8 = ? 
 5 + 7 = 12, 12 – 7 = ? 
 18 + 6 = 24, 24 – 6 = ? 
 14 + 5 = 19, 19 – 5 = ? 
Decoy problems 11 + 7 = 13, 11 – 7 = ? 
 9 + 5 = 10, 9 – 5 = ? 
 17 + 8 = 25, 17 – 8 = ? 
 12 + 6 = 18, 12 – 6 = ? 
Unrelated problems 6 + 4 = 10, 8 – 3 = ? 
                            7 + 2 = 9, 9 – 4 = ? 
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 9 + 5 = 14, 8 – 5 = ? 
 6 + 7 = 13, 11 – 6 = ? 
Transfer problems 6 + 4 = 10, 10 – 6 = ? 
 7 + 6 = 13, 13 – 7 = ? 
 4 + 15 = 19, 19 – 4 = ? 
 5 + 16 = 21, 21 – 5 = ? 
 
Scoring  
      Scoring was aimed at discerning if a child knew the complement principle and used the 
subtraction-as-addition strategy flexibly and appropriately to eliminate unnecessary 
computation. The behavioral indicators used to investigate knowledge of the complement 
principle and use of subtraction-as-addition strategy are:  
1. Correct responses. Given that the related addition had just been solved and the 
addition equation was still visible, a participant who used subtraction-as-addition 
strategy as a shortcut computational on the complement items can be expected to 
answer complementary subtraction items correctly. However, a correct response by 
itself does not necessarily indicate application of complement knowledge. In contrast, 
an incorrect response probably indicates that a shortcut was not used. 
2. Response time. For complement items, child who knew and applied the complement 
relation as a shortcut should be able to respond quickly relative to a child who did not 
know or used the principle. However, a fast response per se is not necessarily the 
result of a shortcut strategy; a child may simply recall an answer quickly. This was 
made less likely given the difficulty of the problems. A slow response per se does not 
necessarily indicate the absence of a complement strategy because, for example, time 
is lost looking at the previous item or the child’s reasoning process is still not 
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efficient. Even so, use of the strategy should generally be faster than computing the 
sums of relatively difficult problems. 
3. Fluency. Fluency, a correct response with a response time of less than 3 seconds, 
represents a scenario where the knowledge and use of subtraction-as-addition strategy 
are more certain. As explained in criteria 1 and 2, the use and knowledge of the 
shortcut may or may not result in a fast and accurate response (fluency).  
4. Looking at a previous problem. Looking at the previous addition problems, where the 
problems are related by the complement principle, indicates that a participant might 
be using the given information to arrive at an accurate response for following 
subtraction problems. For instance, the problem 2 + 5 = 7 goes over on the left side of 
the screen before a new problem 7 – 5 = ? appears on the right side of the screen, and 
the child looks at 2 + 5 = 7 before uttering 7 – 5 is 2. By looking at the previous 
addition problems, a child might connect the following subtraction problems with the 
previous addition problems and use them to minimize computation. Looking at the 
previous problem in itself does not represent knowledge and use of a shortcut, as a 
child might be simply looking at the previous problem without understanding the 
underlying mathematical structure that relates them or a child might look at all the 
previous problems, including those not related by the complement principle.  
5. Improved accuracy. For complement problems, the use of a shortcut could facilitate a 
child to answer accurately in the shortcut task as opposed to the task where items 
were presented in semi-random order and a shortcut was not possible. Therefore, a 
correct response in the shortcut task but not in the previous task indicates use of a 
shortcut. A correct response in the shortcut task but not in the posttest per se does not 
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represent knowledge and use of a shortcut. It is also possible that a child did not 
answer accurately for some other reason in the previous task.  
6. Eliminated counting. The use of a shortcut in the shortcut task represents that a child 
has moved from phase one (counting) to phase two (reasoning) of fluency. If a child 
uses counting to arrive at an answer in the previous task but not in the shortcut task, 
the reason could be the use of a reasoning strategy (subtraction-as-addition strategy) 
that enabled a child to give up an inefficient method of counting and use the 
underlying mathematical relation to determine the difference. If a child uses a 
counting strategy in the shortcut task, then it is evident that the shortcut has not been 
used.   
7. Explicit explanation. Explicit explanation means the child explains the use of the 
subtraction-as-addition strategy very clearly, which shows strong evidence of 
understanding the shortcut principle. Explicit explanation for the complement 
principle implies stating that a + b = c is related with c – a = b or c – b = a  because 
both equations have the same whole c, and same parts a and b. An example of 
explicit explanation for the problem 5 – 3 = ? that appears after 3 + 2 = 5 is the 
explanation that 5 – 3 = ? could be answered using 3 + 2 = 5, as both problems have 
the same whole 5 and parts are 3 and 2. Taking away one part 3 from the whole 5 
leaves with another part 2. An explicit explanation indicates knowledge of the 
complement principle, but not necessarily use of subtraction-as-addition strategy.  
8. Implicit explanation. Implicit explanation for a particular problem illustrates that a 
child may have used and have some understanding of the shortcut principle, but does 
not demonstrate a clear understanding of the complement principle. One scenario is 
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for 5 – 3 = ? after the problem 3 + 2 = 5, a child answers 5 – 3 = ? is the same as the 
previous one or 5 – 3 = ? can be solved using 3 + 2 = 5 but does not explain the 
strategy clearly when probed. The use and knowledge of the shortcut may or may not 
result in an implicit explanation. 
 
 Table 3 summarizes how each of above behaviors is or is not affected by type of trials 
(complement, transfer, decoy, or unrelated). Any evidence of counting or response bias was 
not scored for shortcut knowledge and use. Response bias refers to inflexible or nonselective 
application of a strategy that was used on more than half the problems in all four trials. 
Response biases lead to answers that are accidently correct. An example of response bias 
would be always stating a response from the previous problem for the next problem or stating 
a subtrahend.  
Table 3 
Summary of How Each Behavior Is or Is Not Affected by Each Type of Trials 
Behavior Complement or transfer item Unrelated or decoy problem 
Accuracy Use of the shortcut should be 
relatively accurate. 
Use of computation should be less 
accurate because it might result in 
a counting error. 
 
Response time Use of the shortcut should be 
relatively efficient (fast). 
Use of computation should be 
relatively slow because previous 
addition problem does not help in 
solving next subtraction problem.  
 
Fluency Use of the shortcut should be 
relatively accurate and fast.  
Use of computation should be less 
accurate and relatively slow.  
 
Looking at a 
previous 
problem 
Use of the shortcut should 
involve using previous problem.  
Use of computation should not 
involve looking at a previous 
problem because both problems do 
not have same parts and whole. 
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Improved 
accuracy 
Use of the shortcut should help 
in improving accuracy from the 
previous task. 
 
Use of computation should be the 
same as in the previous task.  
Eliminated 
counting 
Use of the shortcut should 
involve moving from counting 
strategy to reasoning strategy. 
 
Use of computation should be the 
same as in the previous task. 
Explicit 
explanation 
Use of the shortcut should 
involve explicit explanation that 
shows a clear understanding of 
parts and whole.  
Use of the computation does not 
involve explicit explanation, as 
problems do not have same parts 
and same whole. 
 
Implicit 
explanation 
Use of the shortcut should 
involve implicit explanation 
that shows use of the previous 
problem in answering the next 
problem. 
Use of the computation does not 
involve using previous problem to 
answering next problem as they do 
not have same parts and whole.  
     
        Knowledge of the complement principle overall. Each participant’s knowledge of the 
complement principle was characterized for the complement principle and transfer problems.  
It is possible for a participant to have knowledge of the complement principle, that is, s/he 
understands the principle but does not apply it. It is, therefore, essential to investigate the 
knowledge of the complement principle. The criteria used for deciding the knowledge of the 
complement principle were characterized by meeting certain conditions for a given number 
of problems in the shortcut task. Table 3 describes the criteria used for assessing knowledge 
of the complement principle. 
Use of subtraction-as-addition strategy on a trial. The use of subtraction-as-addition 
strategy was investigated in a response that is accurate, non-counted, and has no response 
bias in the complement principle and transfer problems. The criteria used to determine if a 
participant has used the complement principle were based on five other indicators of use of 
the principle: explicit explanation; looking at the previous problem; fluency; eliminating 
counting; and improving accuracy. Each of these five indicators represents a scenario where 
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it is more likely that subtraction-as-addition strategy has been used. In the study, any 
response that satisfies at least two of the five criteria above was termed as shortcut strategy 
use. This criterion made it more likely that the shortcut had been used and that the result was 
not an outcome merely by chance. For example, a fluent (correct and fast) response without 
any evidence of counting or response bias in a task is an indicator of use of the shortcut 
principle. If a fluent response is followed by an explicit explanation or looking at the 
previous problem, it represents a stronger case in support of the shortcut strategy use.  
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Table 4 
Criteria for Deciding Knowledge of the Complement Principle with Number of Problems 
Needed For Each Behavior 
 
Criteria for deciding knowledge of the Complement 
Principle 
Least number of problems needed 
out of eight problems in the 
complement and transfer trails 
Explicit explanation with a correct response 1 
 
Implicit explanation with a correct response 
accompanied by any two of the three criteria: looking 
at the previous problem, improving accuracy, and 
eliminating counting.  
 
1 
Implicit explanation with a correct response 
accompanied by looking at the previous problem or 
improving accuracy or eliminating counting.   
 
2 
A correct response accompanied by the three criteria: 
looking at the previous problem, improving accuracy, 
and eliminating counting. 
 
2 
Implicit explanation with a correct response 3 
 
A correct response accompanied by any two of the 
three criteria: looking at the previous problem, 
improving accuracy, and eliminating counting. 
3 
 
Data Analyses 
Data analyses for the research questions introduced in Chapter 3 are described below:  
  Question 1: Do significantly more participants in the structured-subtraction group 
exhibit knowledge or awareness of the complement principle as a shortcut for subtraction 
than those in the comparison groups do?  
 Participants’ knowledge of the complement principle in the three groups 
(experimental, subtraction-practice, and use ten) was examined using the criteria described in 
the knowledge of the complement principle subsection. Performance on the shortcut task 
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with six categories described in Table 3 for knowledge of the shortcut task was the dependent 
measure for examining knowledge of the complementary principle and was measured on the 
ordinal scale, with participants being characterized as having knowledge of the complement 
principle or not having knowledge of the complement principle. An effective intervention 
would result in having significantly more participants in the structured-subtraction group 
with knowledge of the complement principle than in the use ten and subtraction-practice 
groups.  
       Question 2: Do participants in the structured-subtraction group use subtraction-as-
addition strategy significantly more often as a shortcut for subtraction than those in the 
comparison condition do? 
  Participants’ use of subtraction-as-addition strategy in three groups (structured-
subtraction, use ten, and subtraction practice) was examined in the complement principle and 
transfer problems using the criteria described in use of subtraction-as-addition strategy 
subsection. An effective intervention would reveal a more frequent use of the subtraction-as-
addition strategy by the structured-subtraction group compared with the comparison groups. 
The dependent measure for use of subtraction-as-addition strategy was the performance on 
the shortcut task on the five indicators of use of the principle: explicit explanation; looking at 
the previous problem; fluency; eliminating counting; and improving accuracy. Participants’ 
use of subtraction-as-addition strategy was measured on ratio scale. A participant’s use of the 
subtraction-as-addition strategy in complement and transfer problems was characterized as 
always used if subtraction-as-addition strategy was used in all four problems; very often used 
if subtraction-as-addition strategy was used in three out of four problems; often used if 
subtraction-as-addition strategy was used in two out of four problems; seldom used if 
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subtraction-as-addition strategy was used for one out of four problems; and not used if 
subtraction-as-addition strategy was not used in any of the four problems.  
       Question 2 (a): Does the structured-subtraction group exhibit significantly greater 
accuracy on the complement or transfer items, but not on decoy and unrelated problems, 
than the comparison groups do?  
 Structured-subtraction group participants’ mean number of correct responses on 
complement principle, transfer, decoy, and unrelated problems was compared with the 
comparison groups (use ten and subtraction-practice groups) using the t-test. An effective 
intervention would result in more participants in the structured-subtraction group with greater 
accuracy than in the comparison groups on the complement principle and transfer problems 
but not on the decoy and unrelated problems. The dependent measure was the performance 
on the shortcut task and was measured on an ordinal scale with the structured-subtraction 
group having greater accuracy than the comparison groups or not having greater accuracy 
than the comparison groups.  
      Question 2 (b): Does the structured-subtraction group respond significantly faster on 
the complement principle and transfer items, but not on decoy and unrelated items, than the 
comparison groups do?  
 Structured-subtraction groups’ average response time on accurate, non-counted, and 
unbiased responses on complement principle, transfer, decoy, and unrelated problems was 
compared with the use ten and unstructured subtraction groups combined using the t-test. An 
effective intervention would reveal that the structured-subtraction group has a faster response 
time than the use ten and subtraction-practice groups combined for complement and transfer 
problems, but not for the decoy and unrelated problems. The dependent measure was the 
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response time in the shortcut task and was measured on ordinal scale, with the structured-
subtraction group having faster responses than the comparison groups or the structured-
subtraction group not having faster responses than the comparison groups. 
       Question 2 (c): Does the structured-subtraction group selectively use an addition 
equation as a shortcut for complement and transfer trial (but not decoy and unrelated items) 
significantly more often than participants in the comparison groups do?  
 To investigate selective application of subtraction-as-addition strategy, performance 
of the three groups on decoy and unrelated problems was compared. In decoy and unrelated 
problems, indicators, such as looking at the previous problem or responses that show the use 
of an addition equation as a shortcut, would reveal that subtraction-as-addition strategy is not 
applied selectively. The dependent measure was the performance on the shortcut task and 
was measured on an ordinal scale with the subtraction-as-addition strategy used selectively 
or the subtraction-as-addition strategy not used selectively. 
Question 3: Does intervention result in differential impact across the grades (K, 1, 2, 
and 3) for knowledge and use of the subtraction-as-addition strategy? 
To investigate the differential impact of the intervention across grades (K, 1, 2, and 
3), an ANCOVA was used with grade included as a random-effect covariate. A significant 
result means that grade level played a role on participants’ understanding or use of the 
subtraction-as-addition strategy. Dependent measure was the performance in the shortcut task 
on the complement and transfer problems.  
Question 4: Do significantly more participants benefit from the intervention and learn 
the subtraction-as-addition strategy, but exhibit it slowly? Does the shortcut task provide a 
more complete picture of results of the intervention than the mental-arithmetic task? 
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The proportion of problems participants’ used the subtraction-as-strategy on the 
shortcut task were compared with the proportion of problems participants were fluent in the 
MA task. A significant result reveals that more participants learned the strategy and could 
use it adaptively and appropriately, but executed slowly. Dependent measure was the 
performance on the shortcut complement and transfer problems and performance on the MA 
subtraction items.  
This chapter details the methods used to investigate knowledge and use of the 
complement principle by participants in the present study. The next chapter reports the 
results of the shortcut task for each of the research questions summarized in chapter 3.  
 
Chapter 5 
Results 
 
       The present study was designed to examine the efficacy of an intervention designed 
to develop an understanding and use of the subtraction-as-addition strategy in young 
children. Participants were tested using a shortcut task on the knowledge and use of the 
subtraction-as-addition strategy. In all analyses, there were no significant differences 
between the unstructured practice and active-control groups. The data for these comparison 
groups is combined for analyses except where indicated. 
Knowledge of the Complement Principle  
       Participants’ knowledge of the complement principle, as defined by the criteria 
described in Chapter 4, is summarized by group in Table 5. A one-tailed Fisher’s Exact Test 
indicated that significantly more experimental participants exhibited knowledge of the 
complement principle than comparison groups’ participants did,  p = .029. 
Table 5 
Knowledge of the Complement Principle by Training Condition 
  
Met Criteria for Knowledge of the Complement Principle 
 
Training Condition 
 
Yes 
 
No 
 
Structured-subtraction group 
 
21 
 
7 
 
Comparison Groups 
 
28 
 
25 
  
Use of Subtraction-As-Addition Strategy 
        The use of the subtraction-as-addition strategy was examined for the complement and 
transfer problems using five indicators: explicit explanation; looking at the previous addition 
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problem; fluency; eliminating counting; and improving accuracy. A participant was 
considered to have used the subtraction-as-addition strategy for solving a subtraction 
problem when at least two of five indicators were satisfied.  
Use of subtraction-as-addition strategy on complement problems. Table 6 shows 
the use of the subtraction-as-addition strategy for two or more of the complement problems 
by training condition. A one-tailed Fisher’s Exact Test revealed that significantly more 
experimental participants used the subtraction-as-addition shortcut than did the comparison 
groups’ participants, p = .039. Consistent with the previous finding, an ANOVA comparing 
participants’ mean usage of subtraction-as-addition strategy between three groups was also 
significant, F(2, 77) = 3.38, p = .02. Pairwise comparison for the use of subtraction-as-
addition strategy in complement problems was conducted using a Tukey HSD test. As 
predicted, the structured-subtraction group (M = 0.82, SD = 0.18) significantly outperformed 
both the subtraction-practice group (M = 0.35, SD = 0.21) and the use ten group (M = 0.29, 
SD = 0.15). Additionally, the subtraction-practice group did not significantly outperform the 
use ten group.   
Table 6 
Use of the Subtraction-as-Addition Strategy on Two or More of Four Complement Problems 
by Training Condition 
 
  
Used Subtraction-as-addition Strategy 
 
Training Condition 
 
Yes 
 
No 
 
Structured-subtraction group 
 
19 
 
9 
 
Comparison Groups 
 
25 
 
28 
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Use of the subtraction-as-addition strategy on transfer problems. For transfer 
problems, the participants in three groups were compared for use of the subtraction-as-
addition strategy using Fisher’s Exact Test and an ANOVA. The participants in the 
structured-subtraction group were compared with the two comparison groups combined 
using Fisher’s Exact Test. Table 7 shows the use of the subtraction-as-addition strategy by 
groups.  
Table 7 
Use of the Subtraction-as-Addition Strategy on Two or More of Four Transfer Problems by 
Training Condition 
 
  
Used Subtraction-as-addition Strategy 
 
Training Condition 
 
Yes 
 
No 
 
Structured-subtraction group 
 
19 
 
9 
 
Comparison Groups 
 
15 
 
38 
 
       Fisher’s Exact test comparing participants’ usage of the subtraction-as-addition 
strategy was significant, p < .01. The comparison between three groups using an ANOVA 
based on average subtraction-as-addition strategy usage on transfer problems was also 
significant, F(2, 77) = 4.71, p = .01. Among the three groups, use of the subtraction-as-
addition strategy in transfer problems was also compared using the Tukey HSD test. As 
predicted, the structured-subtraction group (M = 0.82, SD = 0.17) significantly outperformed 
the subtraction-practice group (M = 0.22, SD = 0.19) and the use ten group (M = 0.16, SD = 
0.16). Additionally, the subtraction-practice group did not outperform the use ten group.  
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Figure 1 shows that comparison of subtraction-as-addition strategy use on complement and 
transfer problems by the structured-subtraction group and the comparison groups. 
 
Figure 1. Comparison of proportion of problems subtraction-as-addition strategy used by 
proportion of the structured-subtraction group and the comparison groups participants. 
 
 
Other Indicators of Subtraction-As-Addition Strategy Use and Understanding 
       The use of subtraction-as-addition strategy was also examined using other indicators: 
average number of correct responses (uncounted and unbiased), average response time on 
correct responses, and selective use of subtraction-as-addition strategy on decoy and 
unrelated problems. 
       Average correct responses.  Participants in the structured-subtraction group and the 
comparison groups were compared on average correct responses (unbiased and uncounted 
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responses) for the complement, transfer, decoy, and unrelated problems. Comparison of the 
participants in the structured-subtraction group with the participants in the comparison 
groups on the average number of correct responses was performed using the t-test. On 
complement problems, the structured-subtraction group marginally significantly outperform 
the comparison groups, t(78) = 1.55, p = .07. Similarly on transfer problems, the structured-
subtraction group marginally significantly outperform the comparison groups, t(78)= 1.36, p 
= .08. The structured-subtraction group did not outperform the comparison groups on decoy 
problems, t(78) = 0.51, p = .30, and on unrelated problems, t(78)=0.25, p = .39. 
       Average response time. Participants’ average response times on accurate, uncounted, 
and unbiased responses were compared using the t-test in three groups.  
       Complement problems. On the complement problems, the structured-subtraction 
group participants significantly outperformed the comparison groups participants on the 
complement problem, t(69) = 1.89, p = .03.      
       Transfer problems. On the transfer problems, the structured-subtraction group 
significantly outperformed the comparison groups, t(69) = 1.80, p = .03. 
       Decoy problems. On the decoy problems, the structured-subtraction group did not 
significantly outperform the comparison groups, t(59) = 0.31, p = .37.      
       Unrelated problems. On the unrelated problems, the structured-subtraction group did 
not significantly outperform the comparison groups, t(71) = 1.17, p = .12.  
       Looking as an indicator. Looking at a given addition problem presented before the 
subtraction problem indicates that a participant might have used that addition problem to 
solve a subsequent subtraction problem. In the shortcut task, addition problems helped in 
solving subtraction problems for the complement principle and transfer problems, but not for 
       
52 
 
the decoy and unrelated problems. Therefore, looking at an addition problem before solving a 
subtraction problem in decoy and unrelated problems indicates a misapplication of the 
subtraction-as-addition strategy. It indicates that a participant could not identify whether a 
previous addition problem helped or not in solving a subsequent subtraction problem. For 
decoy and unrelated problems (eight problems), Table 8 lists different scenarios where 
participants have looked at the previous addition problem before solving the subtraction 
problem followed by other associated behavior.  
Table 8 
Use of Looking at Previous Addition Problems (Before Solving Subtraction Problems) With 
Other Behaviors Among the Structured-subtraction group and the Comparison Groups for 
Decoy and Unrelated Problems 
 
 
Behavior (indication) 
Number of times participants looked at addition 
problems by groups 
Structured-subtraction group Comparison groups 
Looked at the addition equation and then 
counted (ignored the information) 
11 18 
Looked at the addition equation and gave 
correct response (i.e., did not 
inappropriately use the addition equation for 
solving subtraction equation) 
23 40 
Looked at the addition equation and gave 
wrong response (might have used addition 
equation where it did not help in solving 
subtraction problem) 
41 62 
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Grade Level as Random-effect Covariate 
 Analyses were also conducted with grade (K, 1, 2, and 3) included as a random-
effect covariate in the model. There was a significant condition x grade interaction, F(3, 76) 
= 3.08, p<.05. Figure 2 shows the comparison of marginal means in the experimental and 
comparison groups based on grade levels. Structured-subtraction participants performed 
better than the comparison groups participants regardless of the grade level. 
 
Figure 2: Comparison of estimated marginal means of the experimental and comparison 
participants’ use of subtraction-as-addition strategy on the shortcut task by grade level. 
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and MA task for the structured-subtraction group was 0.55 and 0.22 respectively. In contrast, 
the mean proportion of success on the shortcut and mental-arithmetic task tasks for the 
comparison groups was 0.29 and 0.16, respectively. For the comparison groups, the 
proportion of successful subtraction-as-addition strategy use on the shortcut task was 
significantly greater than the proportion fluent responses (success) on the mental-arithmetic 
task (t[51] = 3.44, p <.001.) For structured-subtraction group, the proportion of successful 
subtraction-as-addition strategy use on the shortcut task was significantly greater than the 
proportion fluent responses (success) on the mental-arithmetic task (t[28] = 5.78, p < .001).   
 
Figure 3. Comparison of proportion of problems subtraction-as-addition strategy used by the 
structured-subtraction group participants in the shortcut task and proportion of problems 
structured-subtraction group participants were fluent in the MA task.   
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In addition, Table 9 depicts the structured-subtraction group and comparison groups 
participants who used subtraction-as-addition strategy on half or more trials in the shortcut 
task, but were not fluent on half or more trials in the MA task. Fisher’s Exact Test, p <.001, 
revealed that there were significantly more participants in the structured-subtraction group 
who used the subtraction-as-addition strategy on half or more problems in the shortcut task, 
but were not fluent on half or more problems in the MA task. 
Table 9 
Use of the Subtraction-as-Addition Strategy on Half or More on the Shortcut Complement 
and Transfer Trials But Not Scored as Fluent on the Subtraction Items on Half or More on 
the Mental-Arithmetic Trials 
 
  
Used Subtraction-as-addition Strategy Reliably on Shortcut 
Task 
but not reliably fluent on MA task  
 
Training Condition 
 
Yes 
 
No 
 
Structured-subtraction group 
 
19 
 
10 
 
Comparison Groups 
 
17 
 
34 
 
This chapter reports the results of the shortcut task related to each of the research 
questions. The findings suggest that the structured-subtraction group participants 
outperformed the participants in the comparison groups on knowledge and use of the 
complement principle. The next chapter discusses the implications, limitations, and possible 
explanation of these findings.
Chapter 6 
Discussion 
 
 This chapter discusses the finding related to participants’ knowledge and use of the 
complement principle. The discussion focusses on theoretical, methodological, and 
educational implications of the study.   
Theoretical Implications 
Knowledge of the complement principle and use of subtraction-as-addition 
strategy. In this study, the training on developing an understanding of the complement 
principle that demonstrates a general belief that related addition combinations can help in 
solving subtraction combinations was successful. Results revealed that participants in the 
structured-subtraction group had knowledge of the principle and that they used related 
addition combinations to solve subtraction combinations in the complement and transfer 
problems more often than the participants who did not receive any kind of training on 
subtraction-as-addition strategy. On knowledge of the complement principle, the participants 
in the structured-subtraction group significantly outperformed the participants in the 
comparison groups. On the use of subtraction-as-addition strategy, the structured-subtraction 
group participants significantly outperformed the participants in the comparison group on the 
complement and transfer problems. The patterns of these results provide evidence of the 
efficacy of the intervention. This finding suggests that children can benefit from instruction 
directed to improve an understanding of the subtraction-as-addition strategy by connecting an 
addition equation with a related subtraction equation.   
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Knowledge and use of a strategy are two different aspects. A participant may know a 
strategy, but may not know how to use it flexibly. The intervention resulted in having more 
participants in the structured-subtraction group with both knowledge and use of the strategy 
than in the comparison groups. The intervention improved conceptual understanding of 
addition and subtraction operations in the structured-subtraction group as experimental 
participants used addition problems to solve related subtraction problems. The structured-
subtraction group participants achieved procedural fluency, as is evident by their efficient 
and appropriate use of the subtraction-as-addition strategy in solving subtraction 
combinations. Additionally, the experimental participants had adaptive expertise that enabled 
them to apply the strategy on unseen/unpracticed transfer problems and had strategic 
competence, as they were able to formulate and represent subtraction problems as addition 
problems to solve them efficiently. These results indicate that the addition-subtraction 
complement principle develops four key aspects of mathematical proficiency as cited by the 
NRC (2001): conceptual understanding of numbers and operations; procedural fluency; 
strategic competence; and adaptive reasoning. 
       Regarding the shortcut test results for the use of strategy on the complement and 
transfer problems, the structured-subtraction group participants who received training on the 
subtraction-as-addition strategy and supplemental subtraction practice significantly 
outperformed the subtraction-practice group, which received supplemental practice but no 
training on use of subtraction-as-addition strategy. The structured training—but not 
subtraction practice—enabled participants to use the subtraction-as-addition strategy.  
Specifically, the result of the comparison between the structured-subtraction group and the 
subtraction-practice group indicates the significance of a meaningful understanding of a 
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concept over mere practicing a concept. This result indicates the effectiveness of a structured 
intervention in promoting the learning of reasoning strategies and is consistent with the 
recommendation by NRC (2001) that directly teaching reasoning strategies, if done 
conceptually, is effective in achieving phase 2 (reasoning strategies). In addition, the 
subtraction-practice group did not outperform the use ten group. This finding suggests that 
supplemental practice of a concept without understanding has the same outcome as business-
as-usual (regular classroom instruction and practice) in learning a concept. 
       This result does not support the findings of previous studies that the subtraction-as-
addition strategy is a difficult concept for young children and that they have difficulty in 
understanding it (Baroody, 1999; Baroody, et al., 1983; Canobi, 2004, 2005, 2009; Henry & 
Brown, 2008; Putnam, deBettencourt, & Leinhardt, 1990). This study used strict criteria to 
evaluate the knowledge and use of the subtraction-as-addition strategy than previous studies 
used, and the findings suggest that the intervention was successful in developing subtraction-
as-addition strategy understanding and use by the participants in the structured-subtraction 
group.  
Other Criteria of Use of Subtraction-As-Addition Strategy 
            Mental-arithmetic task. There were significantly more participants in the structured-
subtraction group who used the strategy, but were not scored as fluent on the subtraction 
items on the mental-arithmetic testing. Specifically, 39 participants (20 structured-subtraction 
group and 19 comparison group) who used subtraction-as-addition strategy on half or more 
problems in the shortcut task whereas only three participants were fluent on half or more 
problems in the MA task. The use of the shortcut task can provide a different perspective on 
the impact of an intervention than a fluency test. For example, a child may have learned a 
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reasoning strategy, but cannot readily recall the knowledge to implement it (e.g., a child may 
have learned the subtraction-as-addition strategy but may not quickly recall that 9 + 8 = 17 in 
order to answer 17 – 8 = ? fluently. With the shortcut task, the information 9 + 8 = 17 is 
provided; a child need only recognize that it is useful in solving 17 – 8 = ?) Indeed, in 
contrast to considering only the results of the mental-addition task, the shortcut task results 
indicated that the intervention was successful: That experimental participants learned the 
subtraction-as-addition reasoning strategy and could flexibly apply it, i.e. they could use the 
strategy appropriately and adaptively. The problems in the shortcut task were chosen based 
on research on subtraction items in previous years and only difficult problems were included 
in the shortcut task. The subtraction problems in the shortcut task were more difficult than 
the subtraction problems in the MA task. In spite of more difficult problems in the shortcut 
task, there were more participants who used the strategy in the shortcut task than the 
participants who were fluent in the MA task. This result indicates that participants learned 
the strategy, and adaptively and appropriately used it even on more difficult subtraction 
items.  
       Number of correct responses. The results regarding the number of correct responses 
revealed that the structured-subtraction group’s performance was relatively better than the 
comparison groups on complement and transfer problems. The criterion examining the use of 
the subtraction-as-addition strategy by looking at number of correct responses was based on 
the assumption that intervention should result in more correct responses for complement and 
transfer problems (complement and transfer problems could be solved by using subtraction-
as-addition strategy) and not for decoy and related problems (no intervention was provided 
for solving decoy and unrelated problems). As anticipated, the three groups’ performance on 
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decoy and unrelated problems did not differ much. The structured-subtraction group out 
gained the other groups at a marginally significant level for average correct responses on the 
complement and transfer problems. The marginally significant—but not significant—result 
could be because the participants had received instruction on the subtraction-as-addition 
strategy or had practiced the subtraction problem without the subtraction-as-addition strategy 
understanding in the schools that resulted in the correct responses by the comparison groups. 
However, the average correct response alone does not reveal an application of the 
subtraction-as-addition strategy. 
       Another reason for a marginally significant difference in the performances on the 
average correct responses could be the difficulty level of problems in each category. 
Generally, the problems involving two-digit minuends are relatively more difficult than the 
problems involving single digit minuends are. All four problems in the complement principle 
and transfer problems had a two-digit minuend (for example, 11 – 8 = ?). One decoy problem 
and three unrelated problems had relatively simple structures where both the minuend and 
subtrahend were single-digit numbers (for example, 8 – 3 = ?). Out of the four decoy 
problems, one problem had a single-digit minuend (9 – 5 = ?) and one involved using 
doubles knowledge (12 – 6 = ?), which may have resulted in more correct responses for these 
two problems. The other two decoy problems (17 – 8 = ? and 11 – 7 = ?) had the least 
number of correct responses (17% and 18% participants responded correctly) among all 
responses. Out of four unrelated problems, three had a single-digit minuend, and one 
problem was 11 – 6 = ? (near doubles). The relatively less difficulty level of the unrelated 
problems (all four) and decoy problems (one with single-digit minuend and one with 
doubles) might have resulted in more responses that are correct for them. This indicates that 
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the number of correct responses was a less reliable dependent measure for examining the 
effectiveness of the intervention. For future research, using problems in different categories 
with the same kind of difficulty level might be more appropriate to investigate the 
effectiveness of an intervention.  
       Response time. Response time is an indicator of subtraction-as-addition strategy use, 
as participants who understand that a given addition equation can be used to solve 
subsequent subtraction problems should be able to respond faster than the participants who 
do not. In the study, the structured-subtraction group participants were significantly faster 
than the participants in the comparison groups on the complement problems. This result 
indicates that the training was effective in making the structured-subtraction group 
participants’ responses efficient. The structured-subtraction group participants were equipped 
to use the given addition in solving the related subtraction problems, which resulted in their 
faster responses than the comparison groups. 
In addition, the structured-subtraction group participants significantly outperformed 
the comparison groups on the transfer problems. The transfer problems included problems 
with a different structure than participants had seen during the intervention (participants were 
trained on solving c – b = ? after knowing that a + b = c. Transfer problem had problems 
where participants answered c – a = ? after knowing a + b = c). A significant result revealed 
that the participants in the structured-subtraction group had adaptive expertise that enabled 
them to use the subtraction-as-addition strategy on transfer problems in an efficient way. The 
results of response time for the complement and the transfer problems were as expected 
because use of subtraction-as-addition should made participants in the structured-subtraction 
group efficient and thereby reduced their response time. The significant result for the average 
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response times on the complement and transfer problems is an indication that the intervention 
resulted in a profound understanding of the subtraction-as-addition strategy by the structured-
subtraction group.  
       On decoy and unrelated problems, the three groups did not differ much in terms of 
the response time. This finding supports the conjecture that all groups’ performances on 
decoy and unrelated problems should be the same. Subtraction-as-addition strategy was not 
applicable for solving decoy and unrelated problems as the previous addition equation did 
not help in solving the subsequent subtraction equation and thereby help in reducing the 
response time. Moreover, none of the groups received any intervention on solving decoy and 
unrelated problems efficiently. 
       Looking at the previous problem.  The results of looking as an indication of use 
followed by other associated behaviors (counting, correct or incorrect response) were 
ambiguous and did not provide a clear understanding of subtraction-as-addition strategy by 
the structured-subtraction group. The participants in the structured-subtraction group did not 
use looking for decoy and unrelated problems selectively, which indicates that they did not 
have a thorough understanding of the subtraction-as-addition strategy. An in-depth 
understanding of the subtraction-as-addition strategy would result in participants being able 
to identify where a given addition equation can help in solving a subsequent subtraction 
equation and rule out the option of using an addition equation to solve a subtraction equation 
where not applicable. Teaching participants the use of the subtraction-as-addition strategy for 
an extended time with examples and non-examples of application of the strategy might result 
in a deeper understanding of the complement principle.     
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Importance of Addition Fluency  
       The shortcut task testing provides a testing procedure that allows examining 
participants’ abilities to connect addition combination with a related subtraction combination 
and use them to minimize the computation. The procedure does not depend on participants’ 
abilities to solve addition equations, as participants could see the related solved addition 
equations next to subtraction equations. This study did not evaluate the effect of fluencv with 
related addition combinations on an understanding of the subtraction-as-addition strategy. 
However, the comparison between the use ten group and the structured-subtraction group 
revealed that extra practice of addition combinations involving 8 and 9 did not facilitate the 
use of the subtraction-as-addition strategy. Retrieval of an addition combination is important 
in fostering use of the subtraction-as-addition strategy, as in real life, related addition 
combinations are not presented along with the subtraction combinations and having fluency 
with related addition combination could enable using them to solve subtraction combinations 
without conscious effort by connecting through the subtraction-as-addition strategy.  
       Special case of doubles. Understanding the complement principle develops first with 
doubles, as fluency with doubles is achieved relatively before achieving fluency with other 
number combinations. Children begin to notice the subtraction-as-addition strategy when 
they realize that they can use an understanding of doubles to solve related subtraction 
combinations. For example, 6 + 6 = 12 could help in solving 12 – 6 = ? Initial use of the 
doubles in solving subtraction problems might result in an overgeneralization of doubles use 
by stating the subtrahend as a response to a subtraction problem. More conceptual knowledge 
would develop the understanding that a subtraction problem involving two distant numbers 
(10 – 8 = ? or 10 – 2 = ?) must have the difference other than the subtrahend.  
       
64 
 
       Baroody’s (1999) study reported the importance of doubles in developing an 
understanding of the complement principle. Fluency with related addition combinations aids 
in the use of the subtraction-as-addition strategy as evident by participants’ responses in the 
present study to the decoy problem (12 + 6 = ? followed by 12 – 6 = ?). For this problem, 
participants used their understanding of the doubles to answer the subtraction problems (12 – 
6 = ?) and ignored the given addition equation (12 + 6 = ?). Out of 81 participants, 34 (42%) 
answered the subtraction problems correctly. Among the participants who answered 
correctly, there were nearly same percentage of participants from the experimental and the 
comparison groups (12 participants (43%) from the structured-subtraction group and 22 
participants (42%) from the comparison groups).   
A more thorough understanding of the use of doubles was revealed by participants’ 
explicit explanation of the problem. One-third of the participants (27 out of 81) provided an 
explicit explanation (6 + 6 = 12 so 12 – 6 = ? should be 6) along with a correct response. All 
12 participants from the structured-subtraction group who answered correctly provided an 
explicit explanation of the doubles use for the problem. Nearly two-thirds of the participants 
(15 of 22) from the comparison group who answered correctly provided an explicit 
explanation of the doubles use for the problem.   
If participants looked at the addition problems and then provided the correct response 
to the subtraction problems, it shows that they used their understanding of doubles to answer 
and ignored the addition equation, which did not help in solving the subtraction equation.  
Fifteen participants looked and then answered correctly (6 participants from the structured-
subtraction group and 9 from the comparison groups). Evidently the results of the decoy 
problem 12 – 6 = ? did not indicate a better understanding of the subtraction-as-addition 
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strategy and doubles use by the structured-subtraction group than the comparison groups. 
However, it supports the argument by Baroody (1999) that the subtraction-as-addition 
strategy is not an all-or-nothing phenomenon. Even the participants who did not receive any 
intervention on the subtraction-as-addition strategy understanding were able to respond 
correctly by applying their doubles knowledge in solving the subtraction problem. For 12 – 6 
= ?, an explicit explanation by one-third of the participants indicates that subtraction-as-
addition strategy understanding develops first with doubles. The complementary relation 
between addition and subtraction combinations should be first taught with the doubles. 
However, there is a need for future research that could highlight the importance of learning 
subtraction combinations in the learning of addition complements and vice versa.  
Part-Whole Understanding   
       Another crucial concept in developing the complement principle understanding is 
part-whole understanding. The intervention in this study was designed to develop the 
complement principle understanding by fostering part-whole concepts and was effective in 
fostering an understanding of the concept. The intervention resulted in the structured-
subtraction group participants using subtraction-as-addition strategy for the complement 
problems that had the same structure as the problems practiced during the training (a + b = c, 
c – b = a), and for the transfer problems that had a different structure than participants had 
practiced during intervention (a + b = c, c – a = b).   
The results regarding subtraction-as-addition strategy use for the transfer problems 
suggest participants had thorough understanding of the part-whole concept that enabled them 
to use the subtraction-as-addition strategy on unpracticed and unseen problems by realizing 
that the parts and the whole in both addition and subtraction items are the same. This result is 
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encouraging, and it indicates that part-whole understanding provides a basis for subtraction-
as-addition strategy. Findings suggest that instruction should help children construct the big 
ideas, such as composition and decomposition that form the basis of part-whole 
understanding. Future research could use part-whole understanding as the basis for 
developing the complement principle understanding. 
Other Factors That May Affect the Results of the Intervention  
       Other factors, such as an instruction on the subtraction-as-addition strategy or 
practice of subtraction items at school or other places could influence the results of the 
intervention. In the present study, some results indicate that participants may have received 
some training or instruction on the subtraction-as-addition strategy. Some of the participants 
in the use ten group, who did not receive any training on the subtraction-as-addition strategy 
understanding gave explicit explanations for the subtraction-as-addition strategy use in most 
of the complement and transfer problems. This suggests that it is possible that the 
participants were introduced to the subtraction-as-addition strategy in the classroom or 
somewhere else other than in the intervention. However, the intervention was still effective 
in promoting learning of the subtraction-as-addition strategy in structured-subtraction group 
participants.  
Importance of Meaningful Practice and Developing Relational Understanding      
 Researchers has supported the importance of meaningful practice (Brownell, 1935; 
Brownell & Carper, 1943) in developing a meaningful understanding of a concept.  
Meaningful understanding of a concept helps in its application to a relatively new concept 
through the process of assimilation and integration (Baroody, 2003). Even when a participant 
had understood a principle that connects known facts (e.g., addition and subtraction), it takes 
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practice to develop understanding to a level that enables its application without conscious 
effort and thereby reducing the response time. Reasoning strategies provide a second stage of 
mental arithmetic development, and practice takes it to the third and final stage of 
development—retrieval.   
In this study, guided practice on the subtraction-as-addition strategy resulted in 
reducing participants’ response times for the complement and transfer problems. However, 
the mixed results of looking as an indicator of subtraction-as-addition use reveal that 
participants needed more time practicing the subtraction-as-addition strategy. More guided 
practice is needed to develop an understanding of the scenarios where the complement 
principle could aid in the computation of a subtraction problem using an addition problem.  
For future research, participants should be provided training on the subtraction-as-addition 
strategy for an extended period so that they can identify example and non-examples of 
subtraction-as-addition strategy use.  
       The findings support the argument by researchers that practice alone without 
relational understanding does not result in conceptual understanding of a concept (Baroody 
& Coslick, 1998; Brownell, 1935). In this study, subtraction-practice group participants 
practiced subtraction items without any emphasis on developing a relational understanding of 
the subtraction-as-addition strategy. The comparison group participants did not exhibit more 
knowledge of the complement principle and use of subtraction-as-addition strategy than the 
participants in the structured-subtraction group did. This suggests that practice needs to be 
done wisely, with an aim to discover patterns and relationships and to facilitate in making 
reasoning strategies automatic. The goal of instruction should not be rote memorization and 
practice without stressing relational understanding.  
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In schools, subtraction concepts are introduced after addition concepts, and since 
relational knowledge is reconstructed at each successive level (Baroody, 1993), it is 
important to develop relational understanding by connecting a new concept (subtraction) 
with an existing concept (addition). Even after children discover the subtraction-as-addition 
strategy, it takes time to reason out differences consciously or unconsciously using relational 
understanding. Practice helps in making the principle based retrieval process automatic 
(Baroody, 1994; Jerman, 1970) and enables its use without conscious effort. 
Educational Implications 
        The structured subtraction training was successful in promoting learning and use of 
subtraction-as-addition strategy. Some features that may have contributed toward its success 
are: 
1. Using complementary relations to connect addition with subtraction to highlighting 
the empirical inversion relation—children’s informal view to see addition and 
subtraction as separate concepts—can facilitate in understanding that addition and 
subtraction are interrelated. For example, adding 5 to 3 to get an 8, 3 + 5 = 8, and then 
undoing the incrementing process by taking away 5 to arrive at 3, 8 – 5 = 3 may have 
facilitated in seeing that addition and subtraction are interrelated. 
2. Understanding of complementary relationship between addition and subtraction may 
have been facilitated by labeling and color-coding the common whole and parts in 
each juxtaposed equation.  
3. Keeping the second addend in the same position had two features that may have 
facilitated understanding the complementary relation. First, the same amount is added 
and then taken away. Second, both equations have a common part. For example, 
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having a 5 in the second position in both equations 3 + 5 = 8 and 8 – 5 = 3 facilitated 
in understanding that the same part (5) is added and then taken away, and that both 
equations have a common part (3). 
       The results of this study emphasize the importance of (a) introducing children to 
examples and non-examples of a principle for better understanding of a concept; (b) using 
meaningful practice to make a reasoning strategy automatic; (c) using problems with the 
same difficulty level for proper evaluation of knowledge and use of a reasoning strategy;  
(d) having relevant indicators of the effectiveness of an intervention that measure 
understanding correctly; and (e) checking with schools and other authorities for any 
interventions on the principle that may affect the results of an intervention.  
       The intervention was successful in developing an understanding of the complement 
principle and use of the subtraction-as-addition strategy in participants in the structured-
subtraction group. Instruction on subtraction items could benefit by enabling children to 
make a connection between an existing addition combination and a related subtraction 
combination. The results of the intervention indicated that an understanding of the 
subtraction-as-addition strategy benefits from developing an understanding of part-whole 
concepts. Therefore, instruction should focus on developing children’s part-whole 
understanding. Participants in the subtraction practice group, who practiced subtraction 
problems, did not do any better than the participants in the use ten group. This result has an 
important implication for curriculum developers and policy makers that instruction should 
not emphasize on practicing a concept, but on developing a relational understanding of a 
concept. Teaching for relational understanding enables children to look for patterns and 
relationships, which in turn facilitates in constructing reasoning strategies and motivates 
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children to share, justify, and discuss their strategies with others (Baroody & Coslick, 1998).  
To increase children’s proficiency with basic addition and subtraction, instruction should 
provide opportunities to discover new reasoning strategies and children should be 
encouraged to use them flexibly. To facilitate children to discover and use new reasoning 
strategies, reasoning strategies should be described to children. This results in validating the 
thinking strategies and motivates them to formulate their own strategy. Instruction should 
encourage children to invent new strategies and share them with other children to reinforce 
their thinking processes. 
Similar to age related difference found by Canobi (2005) in the complement principle 
understanding, age-related differences were evident in the present study. Figure 2 from 
chapter 5 shows an interaction with condition difference regardless of the grade level. The 
difference in the performances was more evident in second and third grade. These results 
appear to indicate that all participants benefitted from the intervention, but the intervention 
was more beneficial for the participants from second and third grade than from kindergarten 
and first grade. However, the lack of a significant difference at grade 1, at least, might have 
been to the small sample size. The selection of the participants for the intervention was based 
on prior understanding of addition and subtraction combinations so that they could benefit 
from the intervention. As the selection criterion for the intervention was strict, relatively few 
participants from kindergarten and first grade (7 and 8 participants, respectively) were 
chosen to participate in comparison to the participants from second and third grades (30 and 
36 participants, respectively).  
The CCSS (2010) recommends students to understand and use the subtraction-as-
addition strategy in first grade, and fluently use the subtraction-as-addition strategy by end of 
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second grade. The criteria used for choosing participants for the intervention was to make 
sure that they had the required prerequisite knowledge to understand and benefit from the 
intervention. The results suggest that structured-subtraction participants benefitted from the 
intervention regardless of the grade level.  
Methodological Implications 
 The efficacy of the intervention was examined using the mental arithmetic (MA) task 
and the shortcut task. The MA task was used the examine fluency (accurate response in less 
than 3 seconds) with subtraction combinations. The shortcut task was used to gauge 
participants’ understanding of the complement principle and their reliable use of the 
subtraction-as-addition strategy. The shortcut task results provided a more complete picture 
of the effect of the intervention. The shortcut task results indicated that structured-subtraction 
participants used the subtraction-as-addition strategy appropriately and adaptively, if not 
quickly, significantly more often with novel subtraction problems than they were scored as 
fluent on the same problems. The structured-subtraction participants achieved developmental 
phase 2 of fluency. The results of shortcut task revealed that the intervention was highly 
effective in aiding the learning of a general subtraction-as-addition strategy and its 
appropriate (thoughtful), if not efficient, application to novel subtraction problems regardless 
of grade level. The results indicate that shortcut task provides an effective tool to check for 
developmental readiness of the students (participants achieved developmental phase 2 and 
were developmentally ready for last phase 3 (retrieval) of fluency) and to examine efficacy of 
an intervention.  
 
 
       
72 
 
The results of this study indicate that an intervention designed to develop meaningful 
understanding and application of the subtraction-as-addition strategy can be fostered by an 
understanding of the complementary relation between the two operations of addition and 
subtraction. Future research could provide more insights on the impact of the complementary 
relation understanding on the knowledge and use of the subtraction-as-addition strategy. The 
results of this study suggest that a meaningful understanding of the subtraction-as-addition 
strategy helps in applying the strategy on unpracticed subtraction items and thereby reduces  
the amount of time and practice needed to achieve fluency with basic subtraction 
combination. Meaningful practice facilitates strengthening an understanding of the 
subtraction combination by forming an association between a subtraction equation and its 
correct response using the subtraction-as-addition strategy. To develop an understanding of 
the subtraction-as-addition strategy, children should be first encouraged to look for patterns 
and relationships with known addition combinations, such as doubles.  
Fluency involves three phases and an intervention could facilitate in eliminating 
inefficient method of finding an answer using counting (phase 1) and achieving phase 2 
(reasoning), if not phase 3 (retrieval). To examine the efficacy of an intervention in learning 
a strategy, appropriate and flexible use of a strategy (phase 2) should also be investigated 
along with an efficient application of a strategy (phase 3). The shortcut task results suggested 
that participants benefitted from the intervention and used the subtraction-as-addition 
strategy adaptively, appropriately and flexibly. In brief, the results are indicative of the 
efficacy of the structured subtraction intervention with developmentally ready children. To 
be effective, educators need to build formal mathematics instruction on students’ existing 
knowledge or developmental readiness. Educators need to consider carefully whether a child 
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has mastered the prerequisites for a particular combination family to benefit from an 
instruction.  
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Appendix A 
Screen Shots of the Training in Stages 1-5 
 
 
Stage one—bean bag game 
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Stage one—simple addition and subtraction problems
 
 
 
Stage one—part and whole concepts 
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Stage one—part and whole concepts 
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Stage two-estimation (animals saw a group of frogs and are guessing the number of frogs) 
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Stage two—estimation
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Stage three-castle wall game 
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Stage three—math detective game 
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Stage three—train game 
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Stage three—does it help? 
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Stage three—lost puppies game 
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Stage four—timed monkey game 
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Stage five—initial start of the game 
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Appendix B 
Screen Shots of the Shortcut Task  
 
The shortcut task started with a blank screen
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Then an introductory item appears on the right side of screen 
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After a Child has responded, the problem moves on left side of screen and another blank 
screen appears on the right side of screen
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A new problem appears on the right side that is related with the problem on the left side 
(commutative relation)
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After child responds to the problem, the problem moves to the left and a blank screen appears 
on the right hand side
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The new problem on the right side of screen may or may not be related to the one on left
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This is a screen shot of unrelated trials. In this screen shot, child has solved 8-5=? After 
feedback was provided for 8-5 =?, the problem shifts on the left and an unrelated problem 
appears on the right side of screen
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In this screen shot, child has solved the problem 6 + 4 = ? After a feedback was provided the 
problem shifts on the left.
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This is a screen shot of the transfer problem where the subtraction problem on the right is 
related with the addition problem on left using the complement principle. 
  
 
